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Abstract 

We introduce different notions of wave front set for the functionals in the dual of the Colombeau 
algebra Qc{i^) providing a way to measure the Q and the 5°°- regularity in C{Qc{Q), C). For the smaller 
family of functionals having a "basic structure" we obtain a Fourier transform-characterization for 
this type of generalized wave front sets and results of noncharacteristic Q and ^""-regularity. 



Introduction 



The past decade has seen the emergence of a differential-algebraic theory of generahzed functions of 
^ ' Colombeau type [1, 2, 3, 17, 35, 38, 45] that answered a wealth of questions on solutions to Hnear 

, and nonUnear partial differential equations involving non-smooth coefficients and strongly singular data. 

0^ ' Interesting results were obtained in Lie group invariance of generahzed functions [5, 25, 40, 42], nonhnear 

hyperbohc equations with generahzed function data [4, 33, 34, 36, 39, 41, 43, 44], distributional metrics 
in general relativity [26, 27, 28, 29, 30, 31], propagation of strong singularities in linear hyperbolic 
If^ , equations with discontinuous coefficients [19, 20, 32, 37], microlocal analysis, pseudodifferential operators 

' and Fourier integral operators with non-smooth symbols [10, 14, 15, 16, 21, 22, 23, 24]. 

I Some "key technologies" for the regularity theory of partial differential equations in the Colombeau 

■ context have been developed in [10, 13, 14, 15]. They consist in a complete theory of generalized pseu- 

dodifferential operators (including a parametrix-construction for operators with generalized hypoelliptic 
symbol) [10, 14] and the application of those pseudodifferential techniques to the microlocal analysis of 
generalized functions [15]. Particular attention has been given to the dual of a Colombeau algebra which 
i plays a main role in the kernel theory for generalized pseudodifferential operators [10, 14]. It is now natu- 

^ [ ral to extend the pseudodifferential operator's action to the dual and to shift the microlocal investigations 

from the level of generalized functions to the level of C-linear functionals. This will require notions of 
local and microlocal regularity in the dual of a Colombeau algebra and suitable ways of measuring such 
kinds of regularity. Microlocal analysis is essential for a full understanding of the generalized pseudodif- 
ferential operator's action and propagation of singularities and has to be developed in the dual context 
since the kernels of such operators are not always Colombeau generalized functions but functionals. 

The aim of this paper is to provide tools of microlocal analysis suited to investigate the dual of a 
Colombeau algebra. Based on the duality theory developed within the Colombeau frameworks in [11, 12] 
it extends and adapts the microlocal results for Colombeau generalized functions stated in [15]. In the 
usual Colombeau context a generalized function u G Q{fl) is said to be regular if it belongs to the 
subalgebra Q°°{n). This allows to set up a regularity theory for Q{^1) which is coherent with the usual 
concept of regularity for distributions since G°°i^) n T>'{Q) = C°°{n). In [6, 35] a notion of generalized 
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wave front set is defined for u £ G{fl) as a 5°°-wave front set. It means that the conic regions of 
"microlocal regularity" we deal with in the cotangent space^are regions of -regularity. Coming^now to 
the dual jC{Qc{^),C), i.e. the space of all continuous and C-linear functionals on Gc{^), where C is the 
ring of complex generalized numbers, by continuous embedding it contains both Q°°{Q) and Q{n). As a 
consequence, two levels of regularity concern a functional in C{Qc{i^),C): the regularity with respect to 
G{^) and the regularity with respect to In this paper in order to measure such different kinds 

of regularity of T G C{Gc{^),^) we introduce the notions of ^-wave front set (WFg(r)) and 0°°-wave 
front set (WFgoo(r)). 

Inspired by [15] and making use of the theory of pseudodifferential operators with generalized symbols 
elaborated in [14, 15], WFg(T) and WFg'(T) are defined as intersection of suitable regions of generalized 
non-ellipticity of those pseudodifferential operators which map T in Q{n) and Q°°{^1) respectively. Core of 
the paper is a Fourier transform-characterization of WFg (T) and WFgoo (T) as in [9, Theorem 8.56] which 
consists in the direct investigation of the properties of the Fourier transform of T after multiplication by a 
suitable cut-off function. For this purpose special spaces of generalized functions with rapidly decreasing 
behavior on a conic subset of M" are introduced and among all the functionals of £{Gc{^), C) we restrict 
to consider those elements which have a "basic structure". More precisely we assume T G C{Qc{0,),C) 
being defined by a net of distributions (Tg)^ which fulfills a continuity assumption uniform with respect 
to £ (Definition 1.3) and the equality Tu = [(TeWe)^] G C for all u = [(we)e] € Qc{^)- Even though the 
^-wave front set and the ^°°-wave front set can be defined on any functional of the dual C{Qc{^^), C), the 
main theorems and propositions presented here arc proven to be valid for basic functionals. In addition, 
all the results of microlocal regularity have a double version: the ^-version and the ^°°-version. 

We now describe in detail the contents of the sections. 

Section 1 provides the needed theoretical background of basic functionals and refer for topological issues 
to [11, 12]. After the first definitions and basic properties, the action of a basic functional on a Colombeau 
generalized function in two variables is investigated in Subsection 1.1. Together with some results on the 
composition of a basic functional with an integral operator in Subsection 1.2, it gives the essential tools 
for dealing with the convolution of Colombeau generalized functions and functionals in Subsection 1.3. 
The algebras of generalized functions here involved are Qc{^)- Q(^) and Q^{W^) while the functionals are 
elements of the duals C{Qc{^):C), C{Q{VL),C) and £(g^,(M"), C). A regularization of basic functionals is 
obtained via convolution with a generalized moUifier. Finally in Subsection 1.4 we extends the natural 
notion of Fourier transform on ^(K") to the dual £(^(M"),C) and we study the Fourier transform of 

a basic functional in £(^(f2),C). 

In the recent Colombeau literature a pseudodifferential operator with generalized symbol is a C-linear 
continuous operator which maps Qc{Q.) into Q{VL). Section 2 extends the action of such generalized 
pseudodifferential operator to the duals C{Qc{^)^ C) and C{Q{^), C). The extension procedure is obtained 
via transposition and gives interesting mapping properties concerning the subspaces of basic functionals. 
A variety of symbols (and amplitudes) is considered: generalized symbols of order m and type (p, (5), 
regular symbols, slow scale symbols, generalized symbols of order — oo, regular symbols of order — oo 
and generalized symbols of refined order (see [14, 15]). A connection is shown to exist between Q- 
regularity, generalized symbols of order — oo and basic functionals as well as between -regularity, 
regular symbols of order — oo and basic functionals. More precisely we prove that R is an integral 
operator with kernel in Q(yi x 51) if and only if it is a pseudodifferential operator with generalized 
amplitude of order — oo and that R is ^-regularizing on the basic functionals of C{Q{^V), C), in the sense 
that RT G Q{^) if T € C{Q{^),<C) is basic. Analogously R is an integral operator with kernel in 
Q°°{Q. X Q) if and only if it is a pseudodiff'erential operator with regular amplitude of order — oo and 
it is ^""-regularizing on the basic functionals of C{Q{VL).C). A C/-pseudolocality property is obtained 
for properly supported pseudodifferential operators with generalized symbols while a ^°°-pseudolocality 
property is valid when the symbols are regular. Section 2 ends by adapting the result of -regularity 
in [14] for pseudodiflFerential operators with generalized hypoelliptic symbols to the dual context of basic 
functionals. 
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A ^-microlocal analysis and a ^°°-microlocal analysis for the dual £{Gc{^), C) are settled and developed 
in Section 3. The additional assumption of basic structure on the functional T is employed in Subsection 
3.1 in proving that the projections on Q of WFg(r) and WFgoo(T) coincide with the ^-singular support 
and the ^7°°-singular support of T respectively. The Fourier transform-characterizations of WF g{T) and 
WFgoo (T) are the result of the G and the ^°°-microlocal investigations of pseudo differential operators 
elaborated throughout Subsection 3.2 in the dual £{Qc{^),C)- Concerning the notion of slow scale 
micro-ellipticity here employed this has been already introduced in [15] while the concept of generalized 
microsupport of a generalized symbol in [15, Definition 3.1] is transformed into ^/-microsupport and 
^°°-microsupport (Definition 3.6). 

Section 4 concludes the paper with a theorem on noncliaracteristic G and C?°°-rogularity for pseudodif- 
ferential operators with slow scale symbols when they act on basic functionals of £{Gc{^)i C). This is an 
extension and adaptation to the dual C{Gc{^), C) of Theorem 4.1 in [15]. 

For the advantage of the reader we recall in the sequel some topological issues discussed in [11, 12] and 
we fix some notations. 

0.1 Notions of topology and duality theory for spaces of Colombeau type 

A topological investigation into spaces of generalized functions of Colombeau type has been initiated 
in [11, 12, 13, 46, 47, 48] setting the foundations of duality theory in the recent work on topological 
and locally convex topological C-modules [11, 12, 13]. Without presenting the technical details of this 
theoretical construction, we recall that a suitable adaptation of the classical notion of seminorm, called 
ultra-pscudo-seminorm [11, Definition 1.8], allows to characterize a locally convex C-linear topology as a 
topology determined by a family of ultra-pseudo-seminorms. The most common Colombeau algebras can 
be introduced as C-modules of generalized functions based on a locally convex topological vector space 
E. Such a C-module Ge is the quotient of the set 

(0.1) AlB:={(ue)eei;(°'^l : Vie/3iVeN pi{ue) = 0{e-^) ass ^ 0} 

of i^-moderate nets with respect to the set 

(0.2) ATe := {(ue)e e : Vi e / Vg e N pi{ue) = 0{ei) as£ ^ 0}, 

of i^-ncgligible nets, and it is naturally endowed with a locally convex C-linear topology usually called 
sharp topology in [35, 46, 47, 48]. Given a family of scminorms {pi}i£i on E, the sharp topology on Ge 
is determined by the ultra-pseudo-seminorms Vi{u) := e"^'';'-"^ where Vp^ is the valuation 

Vpi([(we)e]) := ypi{{ue)e) ■= sup{6 € M : Pi{ue) = 0{e^) as e ^ 0} 

(see [11, Subsection 3.1] for further explanations). Note that valuations and ultra-pseudo-seminorms are 
defined on Me and extended to the factor space Ge in a second time. It is clear that the ring C of 
complex generalized niimbers is an example of ^^-space obtained by choosing E = C. The valuation and 
ultra-pseudo-norm on C obtained as above by means of the absolute value on C are denoted by vg and 
I • |e respectively. 

As proved in [11, Corollary 1.17] for an arbitrary locally convex topological C-module {G,{Qj}jej)^ a 
C-linear map T : Ge G is continuous if and only if for all j € J there exists a finite subset Iq Q I and 
a constant C > such that for all u &Ge 

Qj{Tu) < C max Vi{u). 
The Colombeau algebras ^(fi), Gc{^), ^(M") 

The Colombeau algebra G{^) is the C-module of t/_E-type given hy E = £(^l). Equipped with the 
family of seminorms PK,i{f) = sup^.^^^ j„|<j |i9"/(a;)j where K fl, the space £(12) induces on G{^) 
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a metrizablc and complete locally convex C-linear topology which is determined by the ultra-pseudo- 
seminorms VK,i{u) = e"^''^*^"^ For coherence with some well-established notations in Colombeau 
theory we write M.s{Q.) = £m{^) and Ms(q) = J^{^)- 

The Colombeau algebra Gc{^) of generalized functions with compact support is topologized by means 
of a strict inductive limit procedure. More precisely, setting Qk{^) '■= {u G Gc{^) '■ suppu C K} for 
K Gc{^) is the strict inductive limit of the sequence {GK„{^))n£N, where {Kn)nGn is an exhausting 
soqiicncc of compact subsets of fl such that Kn C K„j,-i. Wc recall that the space Gk{^) is endowed with 
the topology induced by Q'd^i{q.) where K' is a compact subset containing K in its interior. In detail 
we consider on Qk{^) the ultra-pseudo-seminorms 'Pg^(n),n(w) = e""^^'"^"). Note that the valuation 
\K,n{ii') '■= ^pk' n^^^ independent of the choice of K' when acts on Qk{^)- As observed in [13, 
Subsection 1.2.2] the Colombeau algebra Qc{^) is isomorphic to the factor space £cm{^) /J^c{^) where 
£c,m{^) and A/'c(ri) are obtained by intersecting £m{^) and A/'(ri) with U^cn^^if (^)^'''^' respectively. 

The Colombeau algebra £^(M") of generalized functions based on ^(M") is obtained as a ^^-module by 
choosing E = It is a Prechet C-module according to the topology of the ultra-pseudo-seminorms 

Vh{u) = e-^Ph(«), where ph{f) = sup^gK".|a|</i(l + l^D'^ld" .f{x)\, f G J?^(R"), h e N. In the course of 
the paper we will use the notations f^(M") and JV^{M.") for the spaces of nets M ^(Rn) and 7V^(Rr.) 
respectively. 

The regular Colombeau algebras g°°{n), Q^i^l), ^'^(M") 

Given a locally convex topological space {E, {pijiei) the C-module of regular generalized functions 
based on E is defined as the quotient M'^/N'e, being 

M'^ := {{u,), e : 3Af G N Vi G / p^{ue) = 0{s-^) as e ^ 0} 

the set of E'-regular nets. The moderateness properties of allows to define the valuation 

v'^{{ue)e) := sup{6 G M : Vi G 7 Pi{us) = 0{e^) as e ^ 0} 

which extends to Q'^ and leads to the ultra-pseudo-norm V^iu) := e"'^^ ("). This topological model 
is employed in endowing the Colombeau algebras g°°{fl), 5^(0), q^(M") and with a locally 

convex C-linear topology. 

We begin by recalling that g°^{Q) is the subalgebra of all elements u of S(ri) having a representative 
{Uc)s belonging to the set 

£^(n) := {{ue)e G £[n] : VK^n3N€ NVa G N" sup \d°'ue{x)\ = 0(£-^) as £ ^ 0}. 

xeK 

g°°{Cl) can be seen as the intersection riKmog°°{K)i where g°°{K) is the space of all u G Q{fl) having a 
representative {u^)^ satisfying the condition: 3N G N Va G N", sup^.^^^ \d°'u^{x)\ = 0{e^^). The ultra- 
pseudo-seminorms 'Pg<x,(^K){u) := e~^c°°(^), where vg^x.^K) '■= sup{b G IR : Va G N" sup^gj^ \d°'Ue{x)\ = 
0{s^)}, equips Q°°{Cl) with the topological structure of a Frechet C-module. 

The algebra g^{ft) is the intersection of g°°{n) with Q^i'^). On ^^(O) := {u G g°°{n) : suppw C 
isT (E f]} we define the ultra-pseudo-norm 'Pc;~(o)(w) = e"'^^^"' where v^(u) := v^^^^q^(w) and K' 
is any compact set containing K in its interior. At this point, given an exhausting sequence {Kn)n 
of compact subsets of SI, the strict inductive limit procedure determines on a complete and separated 
locally convex C-linear topology on g^{il.) = U„f/^ (ft). Clearly g^{fl) is isomorphic to the factor space 

S^Mi^)/^c{n) where S^m{^) ■= £m{^) n (Uif,gal)if 

Finally ^7^(M") is the C-module of regular generalized functions based on £" = In coherence 

with the notations already in use we set A^^(q) = for any open subset of M". 
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The Colombeau algebras of tempered generalized functions and Q^{W^) 

The Colombeau algebra of tempered generalized functions ^^(K") is defined as f^(M")/A/'r(K"), where 
is the space 

{{ue)e e Om(K")(°'11 : Va e N"3Ar e N sup (1 + |a;|)-^|a«Ue(a;)| = as e ^ 0} 

of T-moderate nets and 7Vt(R") is the space 

{{ue)e e Om(K")^°'^^ : Va G N" 3iV G NVg G N sup (1 + \x\)-^\d''ue{x)\ = 0(e«) as e ^ 0} 

of T-neghgible nets. The subalgcbra of regular and tempered gcncrahzcd functions is the quotient 

£:~(IR")/7V;(R"), where £^{W) is the set of all {ue)e G e'M(K")^°'^i satisfying the following condition: 

3N G NVa G N" 3M G N sup (1 + |a;|)-^|a"ue(a;)| = 0(e"^). 
The topological duals £(e?c(f^),C), £(gc(i^),C), £(^(M"),C) 

Throughout the paper the topological duals £(5c(^),C), C{Qc{^),C), 'C(^(M"),C) are endowed with 
the corresponding topologies of uniform convergence on bounded subsets. These topologies, denoted by 
MC{Gcm,C),gc{n)), 0u{C{g{n),C),g{n)) and /3b(£(6^(R"),C),6^(R")) respectively, arc determined 
by the ultra-pseudo-seminorms Vb{T) := sup^g^ \Tu\fi with B varying in the family of all bounded 
subsets of ^c(f^), Q{^) and Q^iW^) respectively. As in the classical functional analysis a subset B of a 

locally convex C-module {Q, {'Pi}iei) is bounded if and only if every ultra-pscudo-scminorm Vi is bounded 
on B, i.e. sup^^^ Vi^u) < oo. With respect to the topologies collected in this subsection and the topology 
on (/^(R") introduced in [11, Example 3.9] we have that the following chain of inclusions 

on^) c gd^) c c{g{n),c), 

q^(M") C a^(M") C ar(K") C £(g^(M"),C) 

are continuous [12, Theorems 3.1, 3.8]. Moreover Cl — > jC{gc{0,),C) is a sheaf and the dual £(^(0),C) 
can be identified with the set of functional in C{gc{fl),C) having compact support [12, Theorem 1.2]. 

1 Duality theory in the Colombeau context: basic maps and 
functionals 

This section is devoted to maps and functionals defined on C-modules of Colombeau type. Before 
considering topics more related to the duals of the Colombeau algebras gd^), g{i^) and ^(K") in 
Subsections 1.1, 1.2, 1.3 and 1.4 we focus our attention on the set gp) of all C-linear and continuous 

maps from gs to gp- Among all the elements of C{gE,gF) we study those elements whose action has a 
"basic structure" at the level of representatives. 

Definition 1.1. Let {E,{pi}iei) O'l^d {F,{Qj}jej) be locally convex topological vector spaces. We say 
that T G C{gE,gF) is basic if there exists a net {Ts)e of continuous linear maps from E to F fulfilling 
the continuity-property 

(1.3) Vi G J37o C I finite 3N G N3r] G (0, 1] Vu G EVs G {0,7]] QjiT^u) < e"-^ maxpi(u), 

ieio 

such that Tu = [(Te(Me))e] for all u G 
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Note that the cquahty Tu — \(T^(u^y)^ holds for aU the representatives of (ue)e since (1.3) entails 

{JeVe)e G Mp if {Ve)e & Me and {T,Ve)e G Afp if {Ve)e G Afp- 



Remark 1.2. 

(i) If the net {T^)e satisfies the condition 

(1.4) Vj e J37o C /finite G NBrj G (0, 1] Vm G E^s g (0,r?] «j(7;'u) < e«maxpj(u), 

then (Te + T'^)^ defines the map T, in the sense that for all u € Ge, 

Tu = mu,),] = [((Te + T^)iu,)),] in Qp. 

Inspired by the established language of moderateness and negligibility in Colombeau theory we define 
the space 

M{E,F) := {(Te)e G £(£,F)(°'il : (Te)e satisfies (1.3)} 
of moderate nets and the space 

M{E,F) := {(T,)e G £(£,i^)(0'il : (T^), satisfies (1.4)} 

of negligible nets. By the previous considerations it follows that the classes of A4{E, F) /J\f{E, F) generate 
maps in C{Qe, Qp) which arc basic. One easily proves that if i? is a normcd space with divciE < oo then 
the space of all basic maps in £{Ge, Qf) can be identified with the quotient A4{E, F)/M{E, F). Moreover 
by Proposition 3.22 in [11] it follows that for any normed space E the ultra-pseudo-normed C-module 
Qe' is isomorphic to the set of all basic functionals in C{Qe, C). 

(ii) Any continuous linear map t : E ^ F produces a natural example of basic element of iC{Qe,Qf)- 
Indeed, as observed in [11, Remark 3.14], it is sufficient to take the constant net (t)^ and the corresponding 

map T : Qe ^ Gp u ^ [{tUe)e\- 

(iii) A certain regularity of the basic operator T G C{Qe,Gp) can be already viewed at the level of the 
net (T'e)e. Indeed, if we assume that {Ts)e belongs to the subset M°°{E,F) of M{E,F) obtained by 
substituting the string 

Vi G J 3/o C / finite 3iV G N 

with 

3N eN'ij eJ 3Io C / finite 
in (1.3), we have that T maps G'e iiito G^. 

Definition 1.3. Let E = span(U-^gr'^7(£^7)), L-y : E^ E be the inductive limit of the locally convex 
topological vector spaces {E^ , {pi^^}i^j^)^^r and F be a locally convex topological vector space. Let Q = 

C — span(U-ygr''7(^?E-,)) Q Ge be the inductive limit of the locally convex topological <C-modules {GE-,)-yer- 
We say that T G C{G,Gf) is basic if there exists a net {Tg)^ G C{E, F)^'^'^^ fulfilling the continuity- 
property 

(1.5) V7 G r Vj G J 3/0,7 ^ h finite 3iV G N 377 G (0, 1] Vu G £;7 Ve G (0, ri] 

qj{Tsi^{u)) < e^^ max Pi^j{u), 
iG/0,7 

such that Tu = [{Ts{us))e] for all ueG- 

It is clear that {T,), G C{E,F)^°''^^ defines a basic map T G C{G, Gf) if and only if (T^ o l^)^ defines a 
basic map T^ G C{Ge^, Gf) such that T o ~ for all 7 G F. We recall that nets (T'e)e which define 
basic maps as in Definitions 1.1 and 1.3 where already considered in [7, 8] with slightly more general 
notions of moderateness and different choices of notations and language. 

Particular choices of E and F in the lines above yield the following statements: 
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(i) a functional T e £{Q{^),C) is basic if it is of the form Tu = [{TsUs)s], where {Ts)£ is a net of 
distributions in £'{n) satisfying the following condition: 

3K <Bn3j eN3N eN3T] e {0,l]yueC'^{n)\/e e {0,7]] \T,{u)\<e-^ sup \d°'u{x)\. 

xeK,\a\<j 

(ii) A functional T G C{Qc{^),C) is basic if it is of the form Tu = [{TsUe)^], where (re)^ is a net of 
distributions in V'{Q) satisfying the following condition: 

V/i'gO3ieN3iVeN3r/e(0,l]VueDK(n)Vee(0,r?] |T^(u)| < e"^ sup \d'^u{x)\. 

xeK,\a\<j 

Note that in analogy with distribution theory there exists a natural multiplication between functionals 
in C{Gc{^)j^) and generalized functions in Q{Cl) given by 

uT{v)=T{uv), v&Gcin). 

It provides a C-linear operator from C{Qc{^),C) to C{Qc{^),C) which maps basic functionals into basic 
functionals. Moreover, if w G G^in) then uT G C{g{n), C) C C{g{«"), C). 

1.1 Action of basic functionals on generalized functions in two variables 

In this subsection we study the action of a basic hmctional T belonging to the duals £((Jc(^^), C), 
£{g{rt),C) or £{Q^{M."),C) on a generalized function u{x,y) in two variables. Throughout the pa- 
per TTi : Cl' X a —> fl' and 7r2 : O' x f2 ^ f2 are the projections of O' x f2 on CI' and O respectively. We 
recall that F is a proper subset of f2' x O if for all K' g O' and K <s fl we have 772(1^ fl Tr^^{K')) g fl 

and TTiiV Dn^^iK)) <e n' . 

Proposition 1.4. Let CI' be an open subset o/M" and T be a basic functional of C{Qc{Cl),C). 

(i) If u G Qc{^' X ^) then T{u{x,-)) := [{Ts{us{x,-)))e] is a well-defined element of Qc{Ct'); 

(ii) ifuG g^{n' x n) then T{u{x, •)) G ^^(^0; 

(Hi) ifu G Q{Cl' xCl) andsuppu is a proper subset offl'xfl thenT{u{x,-)) defines a generalized function 
in g{Q'); 

(iv) Q can be replaced by Q°° in {Hi). 
LetT be a basic functional of C{g{Q),C). 

(v) ifue g{n' X n) then T{u{x,-)) G g{n'); 

(vi) g can be replaced by g°° in {v); 

(vii) if u & g{i}' X SI) and suppu is a proper subset ofQ'xQ then T{u{x, •)) G 5c(^')) 
(via) g can be replaced by g°° in {vii). 

Finally, letT be a basic functional o/£(^(M"), C). 

(ix) If u & has a representative {ue)e satisfying the condition 

(1.6) VaGN"VsGN3ArGN 

sup (1 + |a;|)-^ sup (1 + \y\y\d'^d^yU,{x,y)\ = 0(6"^) ase^Q 

then T{u{x, ■)) is a well-defined element o/^i-(R"); 
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(x) if {us)e fulfills the property 

(1.7) 3MeNVQ!eN"VsGN3A^GN 

sup (1 + \x\r^ sup (1 + \y\y\dy^u,ix,y)\ = 0(£-^) as e ^ 

kgM" yeK",l/3|<s 

then r(u(a;,-)) € 

Proof, (i) — {ii) Let u G Gc{^' x f^) and (ue)e be a representative of u such that suppu^ Ki x K2, 
Ki g n', K2<&^ for all e G (0, 1]. By definition of basic functional there exists a net {Ts)e G X>'(^)^°'^'> 
A/' G N, i G N and ?? G (0, 1] such that 

(1.8) \T,{ue{x,-))\<s-'' sup \dlue{x,y)\ 

veK2,\0\<i 

for all X G ri' and for all e G (O,??]. From (1.8) it follows immediately that {ue)e G £^c,M(f^' x ^) implies 
iT,{u,{x, ■))), G Sc.Mi^')^ Me G A/;(r!' X n) implies (Te(Me(a;, •)))£ e AAe(r!') and (m,)^ G S^Mi^' x 
implies (T£(ite(x, •)))£ G f,?^(r2'). To complete the proof that T{u{x,-)) is a well-defined generalized 
function we still have to prove that it does not depend on the choice of the net (Te)^ which determines 
T. Let (T^)e G X''(17)*^°'^l be another net defining T and x a generalized point of Ct'c- Since u{x,-) := 
[{ue{xe, belongs to Qc{^) we have that 

m-T^){u,{x,,■m&^f 

i.e., the generalized functions [{Te{ue{x, ■)))e] G Gc{^') and [(Tl{ue{x, ■)))e] G Qc{^') have the same point 
values. By point value theory this means that ((T^ — T^)(ue{x, ■)))e G J^d^')- 

(iii) — (iv) Let us now assume that u G G{^' x fl) and that suppw is a proper subset of fl' x fl. Let 
x{x, y) be a proper smooth function on f2' x identically 1 in a neighborhood of supp w. Clearly we can 
write x?i = w in Q{^' x VL). By the previous reasoning we have that for any G C^(O') the generalized 
function V(a;)T(w(a;, •)) = [{il){x)Te{x{x, ■)ue{x, ■)))e\ belongs to G^i^') if w G g{n' xVt) and to G^i^') if 
u G ^°°(r2' X O). Finally, let (f2^)AeA be a locally finite open covering of Q.' with g O' and (V'a)a£A 
be a family of cut-off functions such that ipx — \ in a. neighborhood of 7r2(suppu n tt^J"^ (fJ'^)). One can 
easily see that ^l)\{x)T(u{x,-))\a'^ G G{^'x) determines a coherent family of generalized functions for A 
varying in A and therefore, by the sheaf properties of G{^') it defines a generalized function T{u{x, •)) in 
G{n') when u G G{^' x Q). Analogously T{u{x, •)) G G°°i^') Hue G°°{^' x Q). We use the notation 
T{u{x, •)) since the definition of this generalized fimction docs not depend on (n^);vgA and {'ipx)x^A- 

The proof of (v) and {vi) is clear arguing at the level of representatives. 

{vii) — (viii) When the support of u is proper we can choose a smooth proper function x(a;, y) identically 
1 in a neighborhood of suppw and a cut-off function 4>{y) identically 1 in a neighborhood of suppT. 

Hence, T{u{x,-)) = T{-)p{-)u{x, ■)) = T{ijj{-)u{x, ■)x{x, ■)), where ip{y)u{x,y)x{x,y) G Gc{i^' x Q). By the 
first and the second assertion of this proposition we have that T{u{x, •)) belongs to Gc{^') or G^{^') if 
u is an element of G{^' x O) or G°°{^' x ^) respectively. 

(ix) - {x) Let us consider T G £(^(R"),C) defined by (Te)^ G J/^'(K")(°'il. Recall that {Te)e has the 
following continuity-property: 

3jGN3Af gNBtjG (0,l]VuG J^(R")VeG (0,7?] |Te(u)| < e"^ sup (1 |y|)-'>'^u(?/)|. 

!/eR",|/3|<i 

Hence, if (me)^ satisfies (1.6) one gets that for all a; G IR" and for all e small enough 

(1.9) \d^T,{u,{x,-))\ = \Te{d^u,{x,-))\<e-^' sup (1 + |y|)^|a«a^n,(a;,y)| < £"^'"^(1 + H)^, 

yGK",|/3|<j 

where depends on a and j. This means that {Ts{ue{x, G f-r(K"). As already observed in the 
proof of [13, Proposition 1.2.25] if {ue)e and (■u^)^ are two representatives of u both satisfying (1.6) then 
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the difference := — u'^ fulfills the property 
Va G N"Vs e N3N e NVg G N 

sup (1 + H)-^ sup {l + \y\y\d^d^v,ix,y)\=Oie'')ase^0. 

xGR" yeR^,\[)\<s 

As a consequence {T^{ue{x, •) — ^^(a:, G A/'t-(R"). In order to claim that T(u(x, ■)) is a generalized 
function in ^t-(]R") it remains to show that different nets (T'e)g and {T'^)^ defining T lead to ((T^ — 

T^')(we(2:, •)))£ e A/;(K"). This is due to the fact that for every x e M", u{x,-) := [{ue{xe, ■))e\ is a 
generalized function in g_^,(IR") and then by definition of T the net {{T^ — T^){us{x^, is negligible. It 
follows that the tempered generalized functions [{T^{u^{x, ■)))£] and [{T^{ug{x, •)))£] have the same point 
values. Thus, ((T^ - T^){ueix, ■)))e G A/;(M"). Finally, arguing as in (1.9) it is clear that T{u{x,-)) 
belongs to ^^(M") when u has a representative satisfying (1.7). □ 

Remark 1.5. By means of the continuous map 

ly : a^(M") ^ e?(M") : («e)e +^^(K") ^ (we)e + Ar(M") 
the dual £(a(K"), C) can be embedded into £(0^(1^"), C) as follows: 
(1.10) £(a(M"), C) ^ £{g^{W), C):T^{u^ T{u{u))). 

Indeed, by composition of continuous maps, u — > T(i/(u)) belongs to the dual £(^(R"),C) and, taking 
a cut-off function x ^ C^(M") identically 1 in a neighborhood of suppT, if u ^ T{u(u)) is the null 
functional in £(^(R"),C) we get that 

T{u) = T{xu) = T{u{xu)) = Oin C 

for all u G ^(M"). This shows that the map in (1.10) is injective. Obviously all the previous considerations 
hold for basic functional. 

Before stating the next proposition we recall that every tempered generalized function can be viewed as 
an element of ^(M") via the map 

I,, : g.iW) ^ g(M") : (u,), +A/;(M") ^ (w,)^ + Ar(R"). 
Proposition 1.6. LetT be a basic functional o/ £(^(K"), C). 

(i) Ifu G ar(K^") then T((!/^u)(^, ■)) G ar(K"); 

(ii) ifu€ g^(IR2") then T{{uru){^,-)) G a~(K"); 

(in) if u & Qt{P^^) has a representative {ue)e fulfilling the condition 

(1.11) Va,/3,7GN"3ArGN sup {I + \v\y d'P2'^e{Ly)\ ^ 0{e-'') 

thenT{{vru){i,-))&g^{W'); 
(iv) if u & ^i-(M^"') has a representative (ue)^ fulfilling the condition 

(1.12) 3MGNVa,/3,7GN"3Af gN sup {I + \y\y^ \E,"d?d''u,{i,y)\ ^ 0{e-^) 

i/ienT((i/,u)(^,-)) Gg-(M"). 



9 



Proof. We begin by observing that the generahzed function T{{i/ru){^, •)) is defined by the net {Ss{^))s := 

{Ts{u^{^,-)))e, where e and {T^)e satisfies the following condition: 

(1.13) 

3if(gIR"3j GN3iV€N377G (0,l]VueC°°(M")V£G (0,?7] \T,{u)\ < e'^ sup Idf^uiy)]. 

veK,\f3\<j 

Consequently if {u^)^ g ^^(R^") then for all a G N" there exists N' gN such that for all s small enough 
the estimate 

= \T,{d^u,{^,y))\ < e-^ sup \dp^u,{U)\ < ce-^-^'(l + 

veK,\0\<j 

holds. This proves that {Se)s G Et{^")- In an analogous way we obtain that (S'e)e G A/'t(IR.") when 
iue)e G A/;(M2") and that {Se)e G £:~(R") when {ue)e G £:^(M2"). Note that for all ^ G M", •) := 
{uei^e, •))e+Ar(M") G ^(M"). Therefore, for (Te)^ and (Tj)e different nets defining T and (ue)e G f^-CM^") 
one has that 

- := (T,(^i,fc, •)) - niuei^,, •)))e 

is negligible. Since £, is arbitrary this imphes that (S^ — S'^)^ G A/'t(M") and completes the proof of (i) 
and {ii). Let us assume that u G ^^-(R^") has a representative fulfilling (1.11). Then the corresponding 
net {Ss)s, which is already known to belong to Sri^""), satisfies the following estimate: 

sup |^%«5e(0l = sup \^^T,{d^Ue{^,y))\ 

< sup sup \ed^d^ueii,y)\ < sup(l + \y\f', 

ie^" veK,\i\<j yeK 

uniformly for small values of e. This means that T{{i/tu){^,-)) G ^(R"). Finally, when {ue)e satisfies 
(1.12) then 

sup \ fd"S,{0\ < sup sup |?^a|«a>,(^,y)| < e"^"^ sup(l + |y|)^', 

for some N,N',M G N. Since A'^ and M do not depend on a,/3 we have that {Se)e G £^{R") and 
therefore T{{uru){C, •)) G e?~(M"). □ 

Remark 1.7. As a straightforward application of the previous proposition we consider the action of a 
basic functional T G £(^(M"),C) on e-'''^ G ^?~(M2"). Omitting the notation Ur for simpUcity, we are 
allowed to claim that 

T(e-^-«) := (r,(e-'-«))e+A/;(M") 
is a generalized function in Q^{R^). 

1.2 Composition of a basic functional with an integral operator 

In the sequel for the advantage of the reader we recall the results on integral operators elaborated in [14, 
Proposition 2.14]. They are needed in stating and proving Proposition 1.9. 

Proposition 1.8. Let us consider the expression 

(1.14) / k{x,y)u{x)dx. 

Jn' 

(i) If k £ G(S^' X il) then (1.14) defines a C-linear continuous map 

I k{x,y)u{x)dx 

from Gci^') into G{^); 
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(ii) if k e Qc{^' X O) then (1.14) defines a C-Unear continuous map from Q{fl') into Qd^); 

(Hi) if k ^ G{^' X ^) has proper support then the integral operator determined by (1.14) maps Gc{^') 
continuously into Gc{^) and can be uniquely extended to a C-linear continuous map from G(Xi') into 

a(o). 

Proposition 1.9. LetT be a basic functional of C{G{^),'C). 

(i) Ifke G{^ X fi) and u e Gc{^) then 

(1.15) t(^J k{x,y)u{x)dx^ = J T{k{x,-))u{x) dx. 

(ii) Ifsuppk is proper then (1.15) holds for all u G ^(f2). 

LetT be a basic functional of C{Gc{^),'C). 

(Hi) Ifke ^?c(^^ X O) then (1.15) holds for all u e G{i^); 

(iv) if k e Q{Q, X fl) has proper support then (1.15) holds for all u € Gc{^)- 

Proof, {i) By Proposition 1.8(i) we know that J^k{x,y)u{x) dx £ ^/(fi) and from Proposition 1.4(w) we 
have that T{k{x,-)) S G{^)- Therefore it has a meaning the action of T on J^k{x,y)u{x) dx and the 
integral at the right-hand side of (1.15). The equahty is clear since at the level of representatives we can 
write 



"^"(Z ^e{x,y)udx)dx^ = Ts{ke{x,-))ue{x)dx. 



(ii) If suppfc is a proper subset of x then Proposition l.A{vH) says that T{u{x, •)) S Gc{^) and from 
Proposition 1.8{iii) it follows that k{x, y)u{x) dx defines a generalized function in ^(f2) when u e G{^). 
Let us take a cut-off function t/j identically 1 in a neighborhood of supp T with supp t/j C T/ C 1/ g 
and a cut-off function ip identically 1 in a neighborhood of 7ri(7r^^(y) fl supp A:). By the first assertion 
we obtain that 



r( / k{x,y)u{x)dx\ = T(tp{y) / k{x,y)u{x)dx 
\Jn J \ Jn 



= Titp{y) / k{x,y)(p{x)u{x) dx \ = / T{k{x, •)^{-))(p{x)u{x) dx 
\ Jn J Jn 



/ T{k{x,-))u{x)dx. 
Jn 



{Hi) Under the assumptions of T being a basic functional of £{Gc{^),'C), k £ Gc{^ x ft) and u e G{^), 
Proposition 1.4(z) and Proposition 1.8{ii) yield that T{k{x,-)) G Qc{^) and J^k{x,y)u{x) dx G Gc{^) 
respectively. The equality (1.15) is immediate looking at the representatives of the objects involved there. 

(iv) Finally, take k G G{^ x H.) with proper support and u G Gc{^)- We have that T{k{x, •)) G Gi^) 
(Proposition 1.4(«m)) and J^k{x,y)u{x) dx G Gc{^) (Proposition 1.8{iii)). Since k{x,y)u{x) G Gc{^><^) 
and T{k{x, ■))u{x) — T{k{x, ■)u{x)) in Gc{^) by the third assertion of this proposition we conclude that 
the equality (1.15) holds. □ 



1.3 Convolution of Colombeau generalized functions and functionals 

We proceed by studying the convolution between a Colombeau generalized function and a functional 
in the dual of the algebras Gc{^), G{^) and ^(M") or more in general the convolution between two 
functionals. As in distribution theory this kinds of convolutions are possible under suitable assumptions 
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on the supports of the generalized objects involved. Concerning the functional we will deal with, a main 
role is played by the additional hypothesis of "basic structure" . 

We begin by considering the Colombeau generalized function in two variables u{x — y). One can easily 
prove that: 

(i) if u e Q{W') then u{x - y) E ^(K^"); 

(m) if u e ^?c(IK-") then u{x — y) E Q{R'^") and its support is proper; 

(iii) (i) and (m) hold with Q°° in place of Q; 

{iv) if w G ^(R") then u{x ~ y) £ ^^(M^"') and has a representative satisfying condition (1.6); 

{v) if M e then u{x — y) G Q^{M?'^) and has a representative satisfying condition (1.7). 

Definition 1.10. Let T be a basic functional in C{Qc{^"'), C) and u G Qc{^")- The convolution u*T is 
the generalized function in ^(R") defined by 

(1.16) u*T{x)=T{u{x--)). 

Definition 1.10 is the combination of the assertion (ii) above with Proposition lA{iii). Formula (1-16) 
allows to define the convolution of u G C/(K") with a basic functional T G £(0(M"),C) (Proposition 
1.4(?;)) and the convolution of u G ^(M") with a basic functional T G £(^(]R"), C). In this last case 
we obtain, by the assertion (iv) above and Proposition 1.4(ia;), that w * T is a generalized function in 
ar(K")- Analogously, by Proposition lA{x) it follows that u * T G g^{R") when u G q^(K"). 

Proposition 1.11. If T is a basic functional in £(e(IR"), C) and u G ^(M") then u*T & ^(M"). 

Proof Since £(e(IR"), C) C C{g^,{W), C) we already know that u * T G (M"). If we prove that this 
tempered generalized function has a representative in £y{W^') then the proof is complete. By definition 
of T there exists a net {T^)s G f (M"')*^°'^i, a compact subset K of R" and a natural number j such that 
for some A'' G N for all small enough e and for all / G C°°(R"), 

(1-17) |r,(/)|<£-^ sup \dy{y)\. 

Combining (1.17) with the moderateness properties of {us)e € £^^(M") we have that {T^{ue{x — ■)))e is a 
net of functions in ^(M") such that 

(1.18) sup [J'd'^T,{ue{x - 0)1 = sup %{xJ'dy.e{x - y))\ 

<e-^ sup |x^a^a>,(x-2/)| <£-^-^'sup(l + |2/|)l'^l, 

where N' depends on a, /3 G N" and i G N and the parameter e is varying in a sufficiently small interval 

(0,7?]. □ 

In the next proposition we collect some continuity results. We add a subinde?^ "b" in the notation 
of the duals in order to denote the subspaces of basic functionals. £b(^c(IK")5 C), £b(^(R"))C) and 
£b(^(K"),C) are equipped with the corresponding topologies of uniform convergence on bounded sub- 
sets. 

Proposition 1.12. The C-bilinear map 

{u,T)^u*T 
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(i) from ec(K") x £b(e?c(R"), C) into 6?(M"), 

(ii) from g{W) x £b(e'(R"),C) into g{W), 
(Hi) from ^(R") x Cb{Q{M."-),C) into 

(iv) from g;?°(R") x £b(ec(K"),C) inio g~(K"), 
fz;; /rom a°°(R") x /:b(0(K"),C) mto a°°(M"), 
(vi) from C?~(M") x £b(e(K"),C) into G^iR"), 

is separately continuous. 

Proof, (i) We want to prove that the map 

(1.19) £;c(K")^£?(K") 

is continuous for fixed T e £(^c(R"')jC) basic and that the map 

(1.20) rb(e?c(K"),C) ^C^(R") :T^u*T 
is contimious for fixed u £ ^?c(R"). 

We recall that the action of T is given by a net (Tg),. G I?'(IR")(0'il fulfilling the following condition: 

(1.21) VK (E M"3j e N3Af G N377 e (0,1] Vu e ■DK(K")Ve G (0,??] 

|T.(n)|<£-^ sup \d''u{y)\. 

yeK,\f3\<j 

Let us consider the restriction of the map in (1.19) to fe(IR") and a compact subset L of M". Since 
supp u(a; — ■)= X — supp u, if m G fe(M") then u{x — ■) & ^i,_a:(M") for all x G L. Under the assumption 
of C int(if') C K' and suppu^ C K' for all e G (0,1], by (1.21) it follows that there exist 

j,N gN such that the estimate 

sup \dST,{u,{x - ■))] = sup \T,{d^u,{x - y))\ 

<e~^ sup sup \d'^d^Us{x — y)\ < sup \d'^Ue{z)\ 

xeL,\a\<iveL-K' ,\l3\<j zeK' ,\^\<i+j 

holds for e small. This leads to the continuity of ^^(IR") ^ Q{W) ■ u -> u * T for all if d R". 
Concerning the map in (1.20) we begin by observing that for u G fe(R") C QdR") and L (e R" the set 
BL,i '■= {d"u{x — •), a; G L, \a\ < i} is bounded in Qc{M"), because it is contained in Gl-k{R^) and it 
is bounded there. As a consequence we have the estimate 

(1.22) VL,i{u*T)< sup |T(w)|e, 
showing the continuity of the map T —>■ u*T. 

{ii) By definition of T basic functional of /:(6?(R"),C) and of {T^)^ € £'{M.'') one has that 

3ii'(ER"3iGN3iVGN3?7G(0,l]VuGC°°(R")VeG(0,?7] |Te(u)| < e"^ sup |a''u(y)|. 

yeif,|/3|<j 

Hence, the estimate 

sup \T,{dy,{x - ■))\ < e-"^ sup sup \d^d^u,{x - y)\ < s-"" sup |9^u,(^)|, 

xeL,\a\<i xeL,\a\<iyeK,\0\<j zeL-K,\j\<i+j 
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valid for values of e close to 0, proves that the map Q{W^) QiW^) : u ^ u*T is continuous. In analogy 
to (i) we have that for fixed u e g{W) the set BL,i := {d^u{x - •), x€ L, \a\ < i} is bounded in g(R") 
and the inequality (1.22) holds for T e £.b{g{W), C). Thus, the map jCb{g{W), C) ^ g{W) -.T ^u*T 
is continuous. 

(Hi) Proposition 1.11 proves that when T is a basic functional in £(^(M"),C) and u € ^(M") then 
u*T G ^(K."). More precisely, (1.18) yields the inequality 

sup \x^dST,{u,{x - •))! < sup (1 + |^|)l'^l|a^u,(^)|, 

xeR" zeK",\j\<j+\a\ 

where N, j depend only on T and e is small enough. This means that for all /i e N 

Vh{u*T)<e''Ph+j{u). 

In other words the map Sy,(R") — > g^(]R") : w — * w * T is continuous. As in (ii), for fixed u £ ^^^(IR") 
the set Bi := {(.x)*9"m(x — •), \a\ < i,x € R"} is bounded in g{M."). Therefore, the continuity of 
Cb{g{W), C) ^ q^(K") : T ^ M * T is due to 

Vi{u*T) < sup |r(^;)|e. 
veBi 

For the sake of brevity we omit the complete proof of assertions (iv), (v) and (vi). We only remark that in 
proving the continuity of the map T — > u*T in (iv) and (v) respectively we make use given L d R" of the 
subset ■— {d"u{x — •), x G L,a ^ N"} which is bounded in ^c(R") when u € g^{M.") and bounded 
in ^(R") when u G 5°°(R"). In proving {vi) we employ the bounded subset B := {{xyd^u{x — •), |a| < 
i,iGN,xG R"} of g{W) where u G a~(R"). 

□ 

Definition 1.13. Let S G £(0(R"),C) and T be a basic functional of the dual £(ac(K"),C). The 
convolution S *T is a functional in £(^c(IR")jC) defined by 

(1.23) S*T{u) = S^{Ty{u{x + y))). 

Definition 1.13 is meaningful since (1.23) can be rewritten as 

S{{u*T)~), 

where v{y) := v{—y) is a continuous map from ^c(R") and ^(R") into themselves respectively. By 

Proposition 1.12(«) the map ^c(R") ^ ^(R") : u ^ {u * T) is continuous and by composition with the 
C-lincar and continuous functional S we conclude that S *T E £(^c(K"),C). 

Proposition 1.14. If S e £(e(R"),C) and T is a basic functional of the dual C{gcO&."),C) then 

(1.24) supp(S' *T)C supp S + suppT. 

Proof Let A = supp T and S = supp S. Then A + B is a closed subset of R". Let V = W\{A + B) and 
u G ^c(l^)- Since supp(u(a; + y)) C {(x, y) : x + y gV} then S * T{u) = and the proof is complete. □ 

Proposition 1.14 proves that the convolution of 5 G £(5(R"), C) with T G £(^(R"), C) basic is an element 
of the dual £(t/(R"),C). It is clear that in all the situations considered so far 5 * T is basic if both S 
and T are basic. 

Proposition 1.15. The convolution product * between functional extends the convolution product be- 
tween Colombeau generalized functions and functionals. 
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Proof. Let T & C{gc{W^),C) be basic and u e ec(K") C C{g{W),C). By (1.23) for all v € ac(K") we 
can write 

{u*T){v)= u{x)T{v{x + -))dx 

Proposition 1.9{iv) leads to 

/ u{x)T{v{x + -))dx = T( v{x + ■)u{x) dx) = T ( v{z)u{z - ■) dz] = v{z)T{u{z - ■)) dz 

and shows that Definition 1.13 coincides with Definition 1.10 on the couple {u,T). In the same way, 
making use of assertions {i) and (ii) of Proposition 1.9 one can prove that 

{u*T){v)^ [ v{z)T{u{z- ■))dz weac(K") 

when u G ^(M") and T is a basic functional of £(a(K"), C). □ 

Remark 1.16. Combining Proposition 1.12 with Propositions 1.14 and 1.15 wc obtain that if u G ^c(R") 
and T e C{g{W), C) is basic then u*T e gdW). In particular Proposition I.12{v) yields that u*T G 
^^(R") when u G 5^(R"). We leave to the reader to check that in both these cases the convolution 
product is a separately continuous C-bilinear map. It follows that (1.23) applies to 5 G £(^c(IK"))C) and 
T basic functional in C{g{W), C) and defines an element of £(6?c(K"), C). 

Proposition 1.17. The C-bilinear map 

{S,T)^S*T 

(i) from C{g{W')X) x /:b(^c(M"), C) into C{gdW'),t), 
(ii) from C{gdW),£) x £b(^^(R"),C) into C{gdW),C), 
(Hi) /rom/:(e?(R"),C) X £b(e?(K"),C) into £(e?(M"),C), 

is separately continuous. 

Proof. We begin by writing the action of the convolution product S * T on u as S{{u * T)). 

(?) We fix a basic functional T e C{gc{W), C) and a bounded subset B C g^R"). By Proposition 1.12(i) 
the map u —>■ {u *T) is continuous from ^c(R") into ^(M"), then the set B' := {{u * T) , u e B} is 
bounded in ^(K"). As a consequence, the equality 

sup|(S'*T)(u)|e = sup \S{v)U 

ueB veB' 

holds and proves the continuity of C{g{W^), C) £{gc{W), C) : S ^ S*T. 

Let us now fix 5 e £((J(K"),C). Since it is continuous there exist some compact set K and a natural 
number m such that for allu £ B, B bounded subset of ^c(R"')j one has 

(1.25) sup \{S*T){u)\e <csupVK,miiu*T)). 

ueB ueB 

Note that 

(1.26) VK,m{{u * T) ) < sup |r(^;)|e 

veB' 

where B' := {d"u{x + ■), u & B, x G K, \a\ < m} is a bounded subset of ^c(]R"). This is due to the fact 
that, working at the level of representatives, we have 

v(( sup \T,{d"u,{x + -))\)^) > min y{{T,{d''u,{x, + ■))) ^) , 

xeK,\a\<m \a\<m 
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where {x^)^ is a net of points of K. (1.25) combined with (1.26) proves that the map £b(^c(IR"), C) — > 
£(00 (R"), C):T ^ S*T is continuous. 

(m) We omit the details of the proof since the arguing is analogous to the one adopted in the first case. 
We only observe that Remark 1.16 is employed in proving the desired continuity. 

(iii) Finally we assume that both the functionals S,T belong to C{Q{M."),C) and that T is basic. For 
B bounded subset of g{W), by Proposition 1.12(m) it follows that B' := {{u * T), u G B} C g{R") is 
bounded. Thus, the equality sup^^^ \ {S * T){u)\e = sup^g^/ |'S'(w)|e shows that the map S ^ S *T is 
continuous. Consider now S fixed. For some g R" and m G N it holds that 

sup|(S'*T)(u)|e <csuppK,m((w*T)~) <csup \T{v)U, 
ueB ueB veB' 

where B' := {d^u{x + -),ueB,x eK, \a\ <m}C g{W) is bounded. □ 

We conclude this subsection with the following regularization of basic functionals. 
Theorem 1.18. Let p G C~(M") with 4„ p{y)dy = 1. 

(i) If T is a basic functional o/£(^c(R"),C) then [{peo)s]*T G ^?(M") for allq€N and 

[{pe,)e]*T^T 

in /:(ac(R"),C) asq^oo. 
(a) IfT is a basic functional o/£(6?(R"),C) then [(p^^e] *T^T in £(6?(M"),C) as g ^ oo. 
(Hi) If T is a basic functional of jC{g^{W^),C) then [{ps.,)^] *T ^ T in C{g^{W^),C) asq^oo. 

Proof, (i) We begin by proving that when u G t/c(R") then Uq := [{peq)e] * u ^ u in f/c(R") and that this 
convergence is uniform on bounded subsets of ^^(R"')- If m G ^c(R") then u G fe(R") for some K d R" 
and by Proposition 1.14 {uq)q is a sequence of generalized functions in ^ifi(R") with Ki = K + Br{0), 
supp p C Br{0) := {y G R" : \y\ < r}. In particular, at the level of representatives one has that 

d^{psi *Ue- Us){x) = / p{z)[d^Ue{x - e'^ z) - d^Us{x)] dz 

= / p(z) y ^d'^+'^uJx - eWzM-e'^z) dz 

|a| = l 

and for some K{ g R" such that C int(/f() C 

(1.27) sup \d\p,. * u, - u,){x)\ < C£«-^, 

where A'' depends only on (3, u and p. (1.27) yields that — *■ w in Qk^ (R"). This convergence is uniform 
on bounded subsets of t/c(R")- Indeed, if _B C C?c(R") is bounded then it is contained in some fe(M") 
and bounded there. Thus, for some K' (e R" with K C int(isr') C K' by the previous computations the 
inequality 

sup |9^(P£S *Ue- Ue){x)\ < Cs'^ SUp \d'^Ue{y)\ 

x(iK[ \l\<\P\ + 'i-,veK' 

holds and leads to ^Ki,\0\ (uq — u)> q + ^K,\i3\+i{u)- By the assumption of boundedness of B wc have that 
there exists N such that vk,\i3\+i{u) > —N for all u G B. Hence, sup^g^ 'PgKi{'R"),\l3\{'^q~'^) > 
or in other words 

sup'Pax,(R"),i/3|K -w) 0. 

ueB 
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Lot us now consider T e C{gc{W),C) basic and := [(peOe] *T e ^(M"). For all u G efc(K") since 
(Tf. * ) * wj(0) — * mJ(0) = (Tg * (pe? * — u^))(0), where u{x) = u{—x), we have that 

(1.28) {T,-T){u) = T{{u,-u)). 

By th(> uniform convergence proved above we know that when B is a bounded subset of Gd^'^) there 
exists Ki (E K" such that 

(1.29) Vm G NVr? G (0, 1] 3q G NVg > g sup Pg («.),„((«, - w)~) < V- 

ueB 

(1.29) combined with the continuity of T implies that for all g > g 

sup \{Tq - T){u)\e < CSUpPg^^(R^),„((Ug - u) ) < CT]. 

ueB ueB 
This means that ^ T in C{gdW),C) according to /36(£(e?c(K"), C), gc(K"))- 

(a) Let now T be a basic functional of £(^(M"),C). When u G ^(R") the sequence Uq := [(pei)^] * u 
converges to u uniformly on bounded subsets of ^(M"). Indeed, from the same computations of case (i) 
we have that 

(1.30) sup'PK,\0\{uq -u) < e"« supPxi,|/3|+i(m), 

ueB ueB 

where Ki = K + Br{0). Since T is continuous from g{M.") to C by (1.30) and the equality (1.28) we 
conclude that Tq^T with respect to the topology /36(£(^(]R"),C),^(M")). 

We omit the proof of the third assertion since it consists in showing that Uq tends to u uniformly on any 
bounded subset of ^(M"). □ 

For the sake of completeness note that the previous regularization for basic functional in £(^(]R"), C) is 
valid for p G ^(M") with J p{x) dx = 1. Such a convergence result was already stated in [12, Proposition 
3.12] for a special family of basic functionals: the generalized delta functionals with x G M". 

1.4 Fourier transform in the dual £(^^(M"), C) 

We conclude this section by introducing a natural notion of Fourier transform in the dual of the Colombeau 

algebra ^(R"). We recall that the Fourier transform !Fu and the inverse Fourier transform J-'*u of 
a generalized function u G ^(M") are defined by the corresponding transformations at the level of 
representatives. and J^* are continuous isomorphisms from ^(M") onto ^(R"). Note that the 
continuity is the consequence of and JF* being basic maps on C^(R"). Finally, as explained in detail 
in [13, Subsection 1.2.6] all the properties which hold for the transformations on o5^(R") can be stated 
on g^(R"). 

Definition 1.19. Let T G £(t^(R"), C). We define the Fourier transform o/T as the functional J^T on 
^(R") given by the formula 

(1.31) J^{T){u) =T{J^u). 

By the continuity of : ^(R") ^(R") it is clear that J^T G £(^(R"), C). Moreover the embedding 
of ^(R") into C{Qy,{'R"') , C) proved in [12, Theorem 3.8] shows that is an extension of the Fourier 
transform on ^(R") to £(^(R"),C). This motivates the choice of the same notation on g^(R") and 
its dual. Obviously the inverse Fourier transform is defined by replacing with .F* in (1.31). and 
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T* are continuous isomorphisms on £(^(M"),C). In fact if i? is a bounded subset of ^(M") then 
T{B) := {T{u)^ u G -B} is bounded itself and the equality 

SUp|^r(u)|e = SUp|r(^u)|e= SUp \Tv\^ 

ueB ueB veJ^(B) 

holds. Analogously this kind of arguing is valid for T* . We leave to the reader to veriiy that basic 
functionals are mapped into basic functional by and T*. 

In Section 3 we will often deal with the Fourier transform on a basic functional of £(tJ(M"),C). By 
combining some of the results presented in Subsection 1.1 wc arrive at the following conclusion. 

Proposition 1.20. The Fourier transform of a basic functional in £(5(IR"),C) is the tempered general- 
ized function in g^{W) given by T{e-^<) := (Te(e'-«))e + A/;(M"). 

Proof. The functional T can be expressed by a net {T^)^ of distributions in f (R"). Hence, denoting 
the Fourier transform on ^'(M") by^we have that TT{u) = [{Ts{ue))e\ and by classical arguments the 
equality 

is valid for all values of e. By Remark 1.7 it follows that for all u G ^(M"), 

where T(e-'-«) := (T^(e'<))e + A/;(M"). □ 

2 Generalized pseudodifferential operators acting on the duals 

c{gc{n),c) and c{g{n),c) 

In the Colombeau literature a systematic approach to the theory of generalized pseudodifferential oper- 
ators is given for the first time in [14]. Based on a notion of generalized symbol as equivalence class it 
develops a full local calculus for the corresponding pseudodifferential operators acting on the Colombeau 
algebras Gd^) and 0(0,). Results of -regularity are obtained by means of a parametrix construction 
for a certain family of operators whose generalized symbols satisfy suitable hypoellipticity assumptions. 
Concerning this issue a main role is played by different scales in e at the level of representatives and by 
the concept of slow scale net. Wc say that {tOe)e € C*^"'^! is a slow scale net if for all p > there exists 
Cp> such that \coe\^ < Cpe~^ for all e € (0, 1]. Sometimes the additional assumption of inf^We > c > 
is required on e R^O'^l for technical reasons. In this case uig € R^'''^! is said to be a strongly positive 
slow scale net. In the sequel Use denotes the set of all strongly positive slow scale nets. Finally we recall 
that S^g{Q X W) is the usual set of Hormander symbols of order m and type {p,S), with p e (0,1], 
5 e [0, 1) and open subset of M". S^g{n x W) is a Frechet space endowed with the seminorms 

l«lSka,/3= sup (0— +H"i-^i/3i|a^"afa(x,oi, 

where K ranges over the compact subsets of O. 

In this paper we make use of the following sets of symbols: 

- generalized symbols: S^^si^ ^ '■— Ss^^{QxRp)t 

- regular symbols: S^s,rsi^ x ^'') ■= ^Kmn S'^,s,r^{K x W), 

- slow scale symbols: S'^^^^n x W) := Sp^s,^^ x W)/Mp,&{n x W), 
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- generalized symbols of order — oo: <S x W) := Gs-°°{nxRp)j 

- regular symbols of order -oo: >S~°°(f} x Rp) := IlKmn x 

where, for K compact subset of ft, S^g^^^{K x W) is the set of all generalized symbols a having a 
representative {ae)e fulfilling the condition 

(2.32) 37VeNVaeNfV/3eN" |ae|p"^x.a,/3 = 0(£-^) as e ^ 0, 

the space J\fp^s{^ x I^^) is the set A/gm^^Q^Rp) of negligible nets, Sp^s,sc{^ x I^^) is the set of all nets 
(ae)e e ^"^(n X RP)(0'il such that 

(2.33) VK (E 1^3(a;,), e H^^Va G N^'V/? e l«^lSka,/3 = 0{u;,) 

and finally S^g°°{K x M^') is the space of all a € 5~°°(f2 x MP) for which there exists a representative 
{as)s with the property 

(2.34) 3AreNVmeMVaeNfV/3eN" l«elK,/3 = 0(£"^)- 

By construction S^g^^^i^l x Rp) C >S"5_rg(^ x 1^^) and the generalized symbols of 5-°°(r2 x MP) and 
5-°°(Q X RP) can be regarded as elements of S^s{i^ x Rp) and S^s^rgi^ x 1^^) respectively. In all the 
previous notations the absence of the subindex (p, 6) means p = 1 and (5 = 0. 

When a € S™g{Sl x O x R") and u G Qc{^) the generalized oscillatory integral 



/ e'^''-y^ia{x,y,i)u{y)dyd^:-- 



(f e'^^-y^^a,{x,y,Oue{y)dyd^ 



defines a generalized function in Q{Cl) (see [13, 14] for details on the theory of generalized oscillatory 
integrals). The C-linear continuous map 

A : g^{n) ^ g{n) -.u^ [ e'^^'-y^^aix, y, ^)u{y) dy 5"^ 

is called generalized pseudodifferenUal operator of amplitude a £ Sp^g(il x 17 x R"). In the next proposi- 
tion we recall the mapping properties concerning generalized pseudodifferential operators which will be 
involved in the extension of the action of A from ^c(^^) to C{Q{fl), C). For the corresponding proofs the 
reader should refer to [13, Chapter 4] and [14, Section 4]. 

Proposition 2.1. 

(i) Let a G <S^^(ri x O x R"). The corresponding pseudodifferential operator A is a continuous map 
from Gci^l) to g{Q). 

(ii) IfaG S'^s,rsi^ X n X R") then A maps 0^(0.) continuously into ^°°(0). 
(Hi) IfaG <S~°°(f2 X il X R") then A maps Qd^^) continuously into g°°{fl). 

Clearly Proposition 2.1 can be stated for the formal transposed of A. *A is the pseudodifferential operator 
defined by 

*Au{x)= [ e'^''-y^^a{y,x,-Ou{y)dyS^. 

The functional kA G £(^c(^^ x f7),C) given by 

kA{u) := / A{u{x, ■)) dx 
Jq 
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is called kernel of A. As shown in [13] it can be written as the oscillatory integral 

s*^^~^^^o(a;, y, ^)u{x, y) dx dy 3:£, 



and fulfills the property 

k.iv^u)=( Auix).ix)dx=(uiyYAuiy)dy 
Jn Jn 

for all M, u G Gc{^) (w ® M := {v£{x)u£{y))£ + Af{il x il)). We say that the pscudodifferential operator A 
is properly supported if the support of its kernel is a proper subset of 1] x fi. Proposition 4.3.18 in [13] 
proves that the following mapping properties hold for properly supported pscudodifferential operators. 

Proposition 2.2. If A is a properly supported pseudodifferential operator with amplitude a G <5™^(f2 x 
n X M") then 

(i) A maps Qc{^) continuously into itself, 

(a) A can he uniquely extended to a C-linear continuous map from G{^) into G{^) such that for all 
u € 5(0) and v € Gc{^), 

(2.35) / Au{x)v{x)dx = / u{y) *Av{y)dy. 

Jn Jn 

IfaG S^s,Tsi^ X f2 X K") then 
(Hi) A maps 5(?°(ri) continuously into itself, 

(iv) the extension defined above maps G°°{^) continuously into itself. 
The same results hold with *A in place of A. 
Concluding, let us consider the expression 

(2.36) Ru{x) = / k{x,y)u{y)dy, 



where k e 5(0 x O) and u & Gc{^)- By Proposition 1.2.25 in [13] (2.36) defines a continuous C-linear 

operator R : 5c(0) 5(0). Note that k is uniquely determined by (2.36) as an clement of 5(0 x 0). 
For this reason, we may call it the kernel of R, adopt the notation ka, and we may call R an operator 
with generalized kernel. When ka S 5°°(0 x O) then R maps 5c (^) continuously into 5°°(0) and we 
use the expression operator with regular generalized kernel. A simple adaptation of the reasoning of [13, 
Proposition 4.3.13] and [14, Proposition 4.12] yields the following characterizations. 

Proposition 2.3. 

(i) R is an operator with generalized kernel if and only if it is a pseudodifferential operator with amplitude 
inS-°°{n X O X R"). 

(a) R is an operator with regular generalized kernel if and only if it is a pseudodifferential operator with 
amplitude in <S~°°(0 x O x R"). 

Proof. We leave to the reader to check that in both (i) and (ii) the amplitude r is given by 

e'^='-y^^kH{x,y)x{0 ■■= (e^(^-f)«fcH,,(a;,2/)x(0). +^^-'^{^ x O x M"), 
where x is a cut-off function in C^°°(R") with / x{0 = □ 
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Remark 2.4. According to the language of Section 1 all the operators considered so far are basic. More 
precisely, the generalized pseudodifferential operators are basic elements of the space £{Gc{^), Q{^)) and 
their kernels are basic functionals in C{Qc{fl x fl),C). 

Definition 2.5. Let A be a pseudodifferential operator with amplitude a G S^si^ xflx R"). We extend 
the action of A to the dual C{Q{fl),C) as 

(2.37) AT{u) ■.= TCAu), uGGd^). 

The fact that (2.37) extends the original definition of A on Gc{^) is due to the equality (2.35). 
Proposition 2.6. 

(i) The operator A defined in (2.37) maps £{Q{il,),C) continuously into the dual C{Qc{^),C). 

(ii) If A is properly supported then it maps C{Q{Q),C) and L{Qc{^), C) into themselves respectively and 
with continuity. 

(Hi) If a G '5™5,rg(^ X X R") then A maps C{Q°°{U), C) continuously into C{Q'^{Vl),'C) and when it is 
properly supported the duals C{Q°°{Vl),€-) and C{Q^{^),C) are mapped into themselves respectively 
with continuity. 

Proof, [i) By composition of continuous maps AT is an element of the dual £(^c(f^),C) when T G 
£((?($!), C). Since the map *A : Qc{^) Q{i^) is continuous the image *A{B) of a bounded subset B of 
^c(^) is bounded in G{^). Hence, from 

(2.38) sup\AT{u)\e= sup \Tv\e 
we have that A is continuous from C{Q{^1),C) to C{Qc{^),C). 

(ii) By the assertions (i) and (ii) of Proposition 2.2 if A is properly supported then *A maps Qd^) 
continuously into itself and can be extended to a C-linear continuous map on Gi^)- It follows that A 
maps the duals £(^(n),C) and C{Qc{^),C) into themselves respectively and with continuity. 

{Hi) Assume that a e S^srgi^ x fl x M"). By Proposition 2.1(m) the operator *A is continuous from 

g^in) to g°°{n). This means that if T e /:(g°°(17), C) then AT e C{g^{n),C). Since *A{B) is bounded 
in g°^{n) when i? is a bounded subset of C/j?°(0) we have that the equality (2.38) holds and proves the 
continuity of A from £{g°°{Q),C) to £{g^{il),C). By combining (Hi) and (iv) in Proposition 2.2 with 
the definition given in (2.37) the proof of the assertion is complete. □ 

The action of a generalized pseudodifferential operator on a basic functional gives a functional which is 
still basic in all the statements above. 

Due to Proposition 2.3 the action of an operator with generalized kernel on a functional in £(^(0),C) 

can be seen as the action of a pseudodifferential operator with generalized symbol of order — oc on a 
functional. Interesting mapping properties are obtained on the spaces Ci,{g{fl),C) and £b(^/c(^^)) C) of 
basic functionals. 

Proposition 2.7. Let R be an operator with generalized kernel Ur € ^(fi x fi). 

(i) R maps £b(&(^),C) into S(f2) with continuity. 

(ii) If R is properly supported then it is a continuous map from C\,{g{Vl),C) to ^c(f^) o.nd from 
£b(ac(i^),C) tog{n). 
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(Hi) If kii G Q°°{Vl X O) then (i) and (ii) hold for the same spaces of functionals and with G^{^) and 
in place of Qc{^) andQ{il) respectively. 

Proof (i) By Definition 2.5 we know that for T e C{g{n), C) and u G Gd^) 

RT{u) =TCRu) =T^J kR{x,-)u{x) dx^, 

where kii{x, ■)u{x) dx € ^(O). Since T is basic, from Proposition 1.9(i) we have that 

(2.39) t[ / kR{x,-)u{x)dx] = I T{kR{x, ■))u{x) dx 

\Jn J Jn 

and then 

RT{u) = / T{kR{x, ■))u{x) dx. 
Jn 

As shown in Proposition 1.4(t;), T{kR{x, ■)) is a generaUzed function in G{^). This proves that RT e ^(O). 

Note that for if (E O the subset BK.j.R ■= {v ■= 5"fc7?,(.T, ■)}|a|<j,xeK' of Q{0,) is bounded. Easy 
computations at the level of representatives lead to the inequality 

(2.40) VK,j{RT)< sup \TvU 

vGBkj.r 

which proves the continuity of R from ChiGi^), C) to Q{Q). 

{ii) If R is properly supported then its kernel kR has proper support and by Proposition l.Aivii) the 
generalized function T{kR{x, ■)) e Qd^)- An arguing analogous to the one employed in (2.40) yields that 
R is continuous from Ch{G{^),C) to Gd^)- Assume now that T is a basic functional of C{Gc{^),C). 
Since kR has proper support from Proposition 1.4(m2) we have that T{kR{x, •)) G G{^) and by Proposition 
1.9{iv) we conclude that (2.39) is valid for all u S Gd^)- Thus, R maps £b(^c(^^),C) into G{^). Since 
the set CK,j,R '■= {v '■= d"kR{x,-)xix,-)}\a\<j,xGKj where x is a proper function identically 1 in a 
neighborhood of supp/cfl is contained in ^c(^) and bounded there, the inequality 

VK,j{RT) < sup \TvU 

veCK,j,R 

implies the continuity of R : £hiGd^),'C) G{^). 

(Hi) Finally we suppose that kR € 5°°(r2 x Q). The desired mapping properties are a consequence of the 
assertions {vi), {viii) and (iv) in Proposition 1.4. For what concerns the continuity, an investigation at 
the representatives'level shows that if T e Cb{G{i^),C) then 

Vg^(K){RT)< sup \Tv\^, 

veBK,R 

where, for ijj cut-off function in C^{n) identically 1 in a neighborhood of suppT, the set Bk.r. '■= '■= 
^x^r{^^ •)'0(')}aGN".a;eJsr ^ G{^) is boimdcd. Analogously if suppfc/^ is proper then R is continuous from 
£b(^(f^)) C) to G'^{^). Since the set Ck,r '■= {v '■= d^kR{x, •)x(a^, •)}aeN",xei<: is bounded in Gd^), the 
inequality 

Vgoo^K){RT)< sup \Tv\^, 

veCK,R 

valid for T in CdOd^), Q entails the continuity of R from £b(^'c(i^), C) to g?°°(n). □ 
Proposition 4.10 in [14] has a natural version in the dual context. 

Proposition 2.8. Let A be a pseudodifferential operator with amplitude a G <5™5(0 x f2 x R"). 
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(i) kA £ G{il X i}\ A) where A is the diagonal of x U and for W and W open subsets of f2 with 
W xW CQxfl\A, the equality 

Au\wix)= / kA{x,y)u{y)dy 
Jw 

holds for all u G Q^iW'). Moreover, for all u € Qc(W)j 

(2.41) *Au\w'{x)= kA{y,x)u{y)dy. 

Jw 

(ii) IfT is a basic functional of £{Q{fl),C) with suppT C W' then AT\\y G G(W) and 

AT\w{u) = / T{kA{x, ■))u{x) dx 
Jw 

for all u e QciW). 

(Hi) Ifae S^s,Tgi^ xflxW) then kA € G'^in xn\A) and for all T basic functional of C{G{n),C) 
with suppT C W' the restriction AT\w belongs to G°°{W). 

Proof. The first assertion is proven in [14, Proposition 4.10]. In particular the equality (2.41) is due to 
(2.35). Let now T be a basic functional of £{G{^), C) with suppT C W' and ip he a, cut-off function in 
C^{W') identically 1 in a neighborhood of suppT. By (2.41) for all u S Gc{W) we can write 

AT\w{u) = T{ 'Au) = T{{ *Au)V) =t(^J^ kA{y, -Hv) dy V'(-)) • 

From Proposition 1.9(i) and Proposition 1.4(w) the functional T goes under the integral sign and we 
obtain that 

(2.42) AT\w{u)= [ T{kA{y,-m-)My)dy= [ T{kA{x,-))u{x) dx, 

Jw Jw 

where T{kA{x,-)) e G{W). Finally, when a S 5^5,rg(^ x ft x W) then kA € G°°{^ x \ A) (see 
[14, Proposition 4.10(w)]) and combining Proposition 1.9{i) with Proposition lA{vi) we have that 
T{kAix, ■)) e G°°{W). In view of (2.42) this means that AT\w e G°°iW). □ 

Before proceeding we observe that since the dual C{Gc{^),'C) contains both the Colombeau algebras 
G°°{^) and 0(0) by continuous embedding and fl — > jC{Gc{^),'C) is a sheaf, it is meaningful to look for 
the regions where a functional is a Colombeau function or a 0°°-Colombcau function. The regularity 
with respect to G{^) or with respect to G°°{^) is measured by the following notions of G -singular support 
and G°° -singular support. 

Definition 2.9. The G-singular support ofTe £{Gc{^),'C) (singsuppgTj is the complement of the set 

of all points x € ft such that the restriction of T to some neighborhood V of x belongs to G (V) . 

The G°° -singular support ofTG £{Gcift),C) (singsupp^oo T) is the complement of the set of all points 

X efl such that the restriction ofT to some neighborhood V of x belongs to G°°{V). 

By definition it is clear that singsuppgjT and singsuppg^o T arc both closed subsets of fl and that the 
inclusion singsuppg T C singsuppgoo T holds. Clearly the 0°°-singular support extends the usual notion 
of generalized singular support of a Colombeau function in ^(fi) ([14, Section 2]) to the dual C{Gc{^),'C). 

The pseudolocality-property proved in [14] to be valid for a pseudodifferential operator A : Gc{^) — > G{fi) 
with regular amphtude can now be stated for the extension to the dual C{G{fl),C). The two different 
ways of measuring the regularity of a functional in C{G{fl),C) considered above give a new and more 
elaborated aspect to the following result of pseudolocality. 
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Theorem 2.10. Let T be a basic functional in £(5(f2),C). 

(i) If A is a pseudodifferential operator with amplitude in S^g{Cl x Q x M") then 

(2.43) sing suppg AT C sing suppg T. 

(a) If A is a pseudodifferential operator with amplitude in S^g^^g{Q x f2 x M") then 

(2.44) sing suppgoo AT C sing suppgoo T. 

It is clear that (2.43) and (2.44) can be written for basic functionals in the dual £{Qc{^),C) when A is 
properly supported. 

Proof, {i) Given a basic functional T e C{G{^),C) we consider an open neighborhood V of sing suppg T 
and V € C^{V) identically 1 in a neighborhood of singsuppg T. We write T = tpT + (1 — 'ip)T. ipT is a 
basic functional in £(t/(0),C) and by definition of ^-singular support wc know that (1 — ^)T e Qc{^)- 
From Proposition 2.1{i) we have that A{{1 — ip)T) G Qip), hence our assertion becomes 

(2.45) sing suppg A{ipT) C sing suppg T. 
We will prove (2.45) by preliminary showing that 

(2.46) sing suppg AT C supp T. 

Let xo e O \ supp T and W and W be open neighborhoods of xq and supp T respectively such that 

W xW cnxfl\A. By Proposition 2.8 it follows that AT\w e g{W) and therefore (2.46) is proven. 
Replacing T with tpT in (2.46) we get singsuppg ^(■i/'T) C suppipT C V and since V is arbitrary the 
proof is complete. 

(ii) Assume now that V is an open neighborhood of singsuppgoo T. By definition of ^""-singular support, 

(1 - ip)T e g^i^) and from Proposition 2.1(m), A{{1 - ^)T) £ g°°{n). Thus, our assertion becomes 
singsuppgooAT C suppT. This can be proven as above making use of Proposition 2.8{iii). □ 



A parametrix construction, based on the symbolic calculus for generalized pseudodifferential operators 
developed in [14], can be provided for pseudodifferential operators whose generalized symbols satisfy 
suitable assumptions of hypoellipticity. In the sequel, we slightly simplify the notion of generalized 
hypoelliptic symbol introduced in [14] and within the dual context wc state the theorem on the existence 
of a parametrix and the following result of Colombeau regularity. For technical reasons (see [14, Section 
5]) we consider generalized symbols a whose representing nets (0^)^ fulfill the characterizing seminorms 
estimates for all values of s in the interval (0, 1]. In this way we define the subspaces 5^ ,5(0 x MP), 

^p,s,rsin X RP),J_p^s,sc{^ X RP), ^ (Q X RP) and {Cl x Rp) of 5™^(n x Rp), <S™^,,g(0 x Rp), 
^^5,sci^ X RP), S-°°{Q X RP) and S-°°{Q x Rp) respectively. 

Definition 2.11. Let m,l,p,5 be real numbers with I < m and < 8 < p < 1. We say that a £ 

^p.s.rgi^ X M") is a generalized hypoelliptic symbol of order (m, I) and type {p, 6) if it has a representative 
(ae)e fulfilling the following condition: for allK (^Q. there exists a strongly positive slow scale net {rK,e)e, 
a net {u)i,K,s)e, <^i,k,s > Ck^'^'^ on the interval (0, 1] for certain constants Ck > 0, S R, and slow 
scale nets {u)2,K,a,i3,e)s, such that for all x G K, for \^\ > rK,s, for all e € (0, 1], 

(2.47) |ae(x,OI >'^i,if,.(0' 
and 

(2.48) \d^dSa,{x,O\<co2,K,a,0Mx,mr''^''^^'^''^- 
for all {a, (3) ^ (0,0). 
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A generalized symbol a satisfying Definition 2.11 with ^ = m is said to be elliptic. 

Theorem 6.8 in [14] proves that when A is a pseudodiffcrcntial operator with generalized hypoelliptic 
symbol of order (m, I) and type (p, 5) then there exists a properly supported pseudodifferential operator 

P with symbol in ^"'^ ,g(0 x M") such that for all u e Gc{^), 

PAu = u + Ru, 

(2.49) 

^ ' APu = u + Su, 

where R and S are operators with regular generalized kernel. Note that if A properly supported then 
R and S are properly supported operators themselves and the equalities in (2.49) hold for all u G Q{fl). 

Moreover, by definition of the extension of a pscudodifFerential operator to the dual C{Qc{^),'C) we can 
replace u with T e C{Qc{i^),C) in (2.49). In this case the equalities have to be read in C{Qc{^),'C). 

Theorem 2.12. Let A he a properly supported pseudodifferential operator with generalized hypoelliptic 
symbol. Then, for every T basic functional in the dual C{Gc{^), C), 

(2.50) sing suppg AT = sing suppg T 
and 

(2.51) sing suppgoo AT = sing suppgoo T. 

Proof. The inclusions singsuppg AT C singsuppg T and singsuppgoo AT C singsuppgoo T are clear from 
the pseudolocality-property of A (Theorem 2.10). Taking a parametrix P we can write T as PAT — RT 
and by the assertions (m) and {Hi) of Proposition 2.7, RT belongs to C/°°(fi). Hence, singsupp^T = 
singsuppg PAT and singsuppgoo T = singsuppgoc PAT. At this point since AT is a basic functional of 
C{Qc{^),'C) the pseudolocality-property of P allows to conclude the proof. □ 



3 ^-wave front set and ^°°-wave front set of a functional in 

Microlocal analysis in Colonibeau algebras of generalized functions as it has been initiated (in pub- 
lished form) in [6, 35] is a compatible extension of its distribution theoretic analogue to an unrestricted 
differential- algebraic context. The classical Hormander definition of wave front set of a distribution u 
(see [18]) makes use of the notion of micro-ellipticity and consists in the intersection of the characteristic 
sets (i.e. region of non-ellipticity) of those pseudodifferential operators which map u in a C°°-function. 
A characterization of WFu is given in terms of direct estimates of the Fourier transform of u, after 
multiplication by a suitable cut-off function. 

The generalized wave front set of u G ^?(0) (or Q°° -wave front set of u denoted by WFgoo (u)) is defined by 
translating the Fourier transform-characterization of the distributional wave front set into the language 
of representatives of generalized functions and replacing the C°° -regularity with the ^""-regularity. This 
sort of "elementary" approach to the wave front set is a natural definition in the Colombeau framework. 

The theory of generalized pseudodifferential operators established in [14] and extended to the dual space 
C{Qc{p),(^) in the previous section, has suggested a "pseudodifferential-characterization" of the Q°°- 
wave front set of a Colombeau generalized function. This has been provided in [15] by making use of 
pseudodifferential operators with slow scale symbols and introducing a sufficiently strong notion of micro- 
ellipticity. In the sequel we give an essential overview of the concepts in [15] which will be employed in this 
section more frequently, referring to [15] for the proofs of the main results and for further explanations. 

Definition 3.1. Let a S ^^s^sci^ ^ '^") '^^'^ (2^0,^0) & T*{Q) \ 0. We say that a is slow scale micro- 
elliptic at (a;o,^o) if 'it has a representative {as)s satisfying the following: there is a relatively compact 
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open neighborhood U of xq, a conic neighborhood T of ^o, o,nd (r^je, (se)^ in Use such that 

(3.52) |a,(a;,^)| > 1(C)™ {x,^ &U xT, \^\>r,, e & {0,1]. 

Se 

We denote by Ellsc(a) the set of all (xq, Co) € T*{Q.) \ where a is slow scale micro- elliptic. 

If there exists {as)s & a such that (3.52) holds at all points in T*{Q) \ then the symbol a is called slow 

scale elliptic. 

Remark 3.2. 

(i) Note that in the definition of the set Ellsc(a) makes no difference to require that the estimate from 
below in (3.52) holds for all e G (0, 1] or in a smaller interval (0, 77]. Indeed, assume that (3.52) holds for 
some representative (a^)^ of a when e is smaller of a certain 77 G (0, 1] and take b G S'^g{n x M") such that 
|^'(a;,C)| > (0™ on UxT. It is not restrictive to suppose that the representative (ae)^ is identically when 
(a;, C) gUxT and e € [t], 1]. Let (10^)^ be a net in M^^'^l defined as follows: = l/s^ for e e (77, 1], = 
for e G (0,77]. It is clear that a'^ := + Lu^b is another representative of a. Moreover, by construction, 
K{x,0\ > sJ^iO"" when {x,0 G U x T, \^\ > r^, s G (0,7?] and K{x,0\ = ^e\b{x,0\ > sJ^iO"' when 
(x,e)eC/xr, \^\>r„eG{v,l]. 

(ii) Any symbol a G S_p g ,.c{^ ^ '^"') which is slow scale micro-elliptic at (xc^o) fulfills the stronger 
hypoellipticity estimates of Definition 2.11 and it is stable under lower order (slow scale) perturbations 
[15, Proposition 2.3]. More precisely if {ae)e e ^"^^^(O x M") satisfy (3.52) in [/ x T 9 (xc^o) then 

- for all a, /? e N" there exist (Ae)^ G Ilgc and r] G (0, 1] such that 

\d^d^a,{x,0\ < Ae|ae(ar,OI(0"'''"'+"'", (^,0 &U xT,\£,\> r,, e G (0,r?]; 

- for all {\)e)e e '5™^s^(f^ X IR"), < there exist (r^)e, (s^)^ G H^c and r/ G (0, 1] such that 

\a,{x,i)+b,{x,i)\ > 1(C)™ {x,0 e [/ X r. Id > r'„ e G (0,77]. 

As in [15] we choose pj.^™(ri) for denoting sets of all properly supported operators a{x, D) with symbol 
in S_^^{^1 X K") and given u G Q(^) we define the set 

(3.53) W^'oo(m):= fl ElW(a)^ 

a(x,D)(i ^,^l,(n) 
a(x,D)ueQ°°(n) 

Theorem 3.10 in [15] proves that for all u G ^(O), 

W^^oo(u) = WF0oo(u). 

Inspired by these results and aware of the fact that two kinds of regularity, with respect to Q{Vt) and 
with respect to Q°°{^^). coexist in the dual C{Qc{^). C), in this section we define the Q-wave front set and 
the G^-wave front set ofTG £{Qci^)^ C) and we provide a Fourier transform-characterization in case of 
basic functionals. 

3.1 Definition and basic properties of the generalized wave front sets WFg(T) 
and WFgoc(r) 

Definition 3.3. The Q-wave front set and the Q°°-wave front set of a functional T in C{Qc{^),'C) are 
defined as follows: 

(3.54) WFg(T):= f| Ell,e(a)^ 

a(x,D)e p^\I/^jn) 
a(x,D)T &g{Q.) 
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(3.55) WFeoo(T):= f| Ell,e(a)'. 

aix.D)e p,^I/L(^) 

a(x,D)Ted°°(il) 

Remark 3.4. 

(i) As observed in [15] the action of a pseudo differential operator with generalized symbol do not change 

~0/-oo 

by adding negligible nets of symbols of order — oo. This means that considering the set S_^^ ( fl x M") 
S^sci^ ^ R")/A/|^°°(il X M") of slow scale generalized symbols of refined order and the corresponding set 
pi.^'s^. °°(ri) of properly supported pseudodifferential operators, WFg{T) and WFgoo (T) can be defined 

equivalently by replacing the set pj.^^sj.(r2) with pr^sc °°(^^) in (3.54) and (3.55). Clearly all the results 
of Section 2 are valid for pseudodifferential operators with generalized symbols of refined order. 

(ii) By standard procedure of lifting symbol orders with (1 — A)™/^ we easily show that we may take the 
intersections over a{x,D) e pr^^^(f2) (or pj.^™^~°°(f2)) in both (3.54) and (3.55). 

(iii) By Theorem 3.10 in [15] it is clear that the notion of ^°°-wave front set coincides with the usual 
generalized wave front set (see [15, (3.10)]) on the Colombeau algebra G{Cl). 

Proposition 3.5. Let it : T*(f]) \ — > il : (a;, ^) — > a;. For any basic functional T in jC{Qc{fl), C), 

(3.56) 7r(WFc;(T)) = singsuppg T 
and 

(3.57) 7r(WFgoo (T)) = sing suppgoo T. 

Proof. The proof is a revised version of the proof of Proposition 2.8 in [15] by employing the new concepts 

introduced in the dual context. Crucial are the mapping properties of the generalized pseudodifferential 
operators acting on C{Qc{fl),C) here involved and the definitions of Q- and f/°°-singular support. 

We begin with (3.56), by proving that fl \ singsuppgT Q fl \ 7r(WFg(T)). If xq G \ singsuppgT 
then there exists (j) e C^(0) with <l){xo) = 1 such that 4){x,D)T = (pT G g{fl). The multiplication 
operator (j){x,D) belongs to pr^s(,(ri) and its symbol is (slow scale) micro-elliptic at (a;o5^o) for all 
^0 ¥^ 0. Therefore, xo^n\ 7r(WFc;(T)). 

To show the opposite inclusion let Xq & fl\ 7r(WFg(T)). For all ^ ^ there exists a G 5°^ {fl x R") 
slow scale micro-elliptic at (xq,^) such that a{x, D) is properly supported and a{x, D)T s Q{fl). Arguing 

as in the proof of [15, Proposition 2.8] we find a finite number of generalized symbols e S_l^ {fl x M") 

such that ai{x,D) is properly supported and ai{x,D)T G Q{fl). Let A := YliLi o-ii^ , D)* ai{x , D) . Since 
ai{x,D)T G g{fl) and each ai{x,D)* maps g{fl) into g{fl) we conclude that AT G g{fl). The arguing at 
the level of generalized symbols developed for Proposition 2.8 in [15] shows that there exists a slow scale 

elliptic symbol b{x,^) G ^%~°°{fl x R") such that b{x,D) G p,^^°^^"°°(f}) and b{x,D)T\v = AT\v G 
g{fl) on some neighborhood V of xq. Since T is a basic functional an application of (2.50) in Theorem 
2.12 leads to singsuppg T = singsupp^ b{x, D)T and consequently FHsingsupp^ T = 0. This shows that 
xo ^ sing suppg T. 

The proof of the second assertion is immediate. In proving fl \ 7r(WF£;oo (T)) C \ singsuppgoo T is 
essential to note that since the slow scale generalized symbols can be seen as a special kind of regular 

symbols, the operators of pr^sc °°(^) ^^'P 5°°(fi) into itself. Hence, if a{x,D)T G g°°{fl) then 
AT e g°°{fl) and b{x,D)T\v G g°°{V). An application of (2.51) in Theorem 2.12 allows to conclude 
that singsuppgoo T = singsuppgoo b{x, D)T and completes the proof. □ 
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3.2 Fourier transform-characterization of WFg;(T) and WFg;oo(T) when T is a 
basic functional 



The Fourier transform-characterization of the generahzed wave front sets introduced before needs some 
preUminary microlocal results concerning the action of a generahzed pseudodifferential operator on the 
dual £{Gc{^),'C). Whereas for regular symbols it is relevant to talk of regularity in a conical neigh- 
borhood (see [15, Definition 3.1]), in the larger class of generalized symbols it has a meaning to talk of 
microlocal ^-regularity. 

Definition 3.6. Let a e S^^^(VL x R") and (xq, ^o) G T*{^) \ 0. The symbol a is G-smoothing at {xq, ^o) 
if there exist a representative {as)e of a, a relatively compact open neighborhood U of xq and a conic 
neighborhood T of such that 

(3.58) Vm e R Va, /3 G N" 3iV G N 3c> 3j7 e (0, 1] V(a;, ^) gU xTVe € {0, rj] 

\d^dSa,{x,0\<c{0"'e-''. 

The symbol a is -smoothing at (a;o,^o) */ there exist a representative {a^)^ of a, a relatively compact 
open neighborhood U of Xq, a conic neighborhood T o/^o o.iT'd a natural number TV G N such that 



(3.59) Vm G RVa,/? G N"3c> 3?y G (0,l]V(x,0 G J7 x T Ve G (0, r?] 



\d^d!^a,{x,0\<c{0"'e- 



-N 



We define the 5-microsupport of a, denoted by /xsuppg(a), as the complement of the set of points (xo,^o) 
where a is G-smoothing and the ^°°-microsupport of a, denoted by |Usuppgoo(a), as the complement of 
the set of points (a;o,^o) where a is G°° -smoothing. 

In analogy with [15] when a G (f2 x M") we denote the complements of the sets of points {xq , ^o) G 

T*(ri) \0 where (3.58) and (3.59) hold for some representative of a by fig{a) and /igoo(a) respectively. It 
is clear that: 

(i) if a G S-°°{n X M") then /isuppg(a) = 0; 

(ii) if a G 5-°°(f2 x R") then /isuppgoo(o) = 0; 

(iii) if a G S^/~°°{n x R") and iJ,g{a) = then a G 5-°°(n x R"); 

(iv) if a G 5^"^rg°°(^ X I^") and (ig^ (a) = then a G 5-°°(fi x R"); 

(v) when a is a classical symbol then /isupp(a) — fJ.g{a) — ^goo{a). 

In the sequel we work under the hypothesis < 3 < p < \. Wc recall that when a{x,D) and b{x,D) 
arc properly supported pseudodifferential operators with symbols a G S^g{il x R") and b G S^g{il. x 
R") respectively, then a{x,D) o b{x,D) is properly supported itself and has generalized symbol a^b in 
tS™/™ (il X R"). a^b has asymptotic expansion d^aD].b/--f\ in the sense that for all representatives 
{as)e and {be)^ of a and b respectively there exists a representative {{a'ib)^)^ of a^b such that for all 
r G N\0, 



(3.60) ((attfe). - g ^,^Ja,D2b^ G At ....(...k^^^^,,. 

^ |7|=0 ^ ^ 

Note that when a and b are regular symbols then ajl6 is regular. More precisely for g f2, the assumption 
l«el5ka,/3 = 0(e-'') and = 0{e-^'), valid for all a,/3 G N", implies that 



(3.61) 



7! 

|7|=0 ' 



(m+m' — 5)r) 



= 0(£-^-^') 



for all r G N \ and a, /? G W 
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Proposition 3.7. Let a{x, D) and b{x, D) be properly supported pseudodifferential operators with gener- 
alized symbols. 

(i) Ifa€ S^sin X M") and b G S^'s{n x M") then 

(3.62) /X suppg (aji6) C /xsuppg(a) n nsuppg{b). 

(ii) IfaG S^5,rs{^ X K") and b € S'^s,rgi^ x M") then 

(3.63) /i suppgoo (aftfe) C /isuppgoo(a) fl /isuppgoo (6). 

When we deal with symbols of refined order we have that fi suppg and suppgoo can be replaced by fig 
and figoo respectively in (3.62) and (3.63). 

Proof, {i) Assume that (a;o,^o) ^ A*suppg(a). This means that (3.58) holds for some representative {as)e 
of a in a region U xT. Combined with the properties of b we have that: 

(3.64) V;GlRVa,/?,7GN"3iVGN3c>0 377e (0,l]V(x,C) G f/ x TVe e (0,??] 

\d^d^{dJa,D2b,){x,0\ < ciO'e-"". 

By (3.60), taking for each a, /3 G N" the integer r large enough such that m+m' — {p — 6)r — p\a\ + S\P\ < I, 
we conclude that the following assertion 



(3.65) G R Va, /3, 7 G 3Ar G N 3c> 3?7 G (0, 1] V(a;, C) G C/ x T Ve G (0, ??] 

\d^dSiame{x,0\<c{0'e-^ 

holds for some representative ((aflfe)^)^ of a^b. Hence, (xo,^o) ^ A* suppg (at(6) . 

(ii) When we deal with regular symbols and their ^°°-microsupports, (3.64) is transformed in 



\d?dS{d]a,D2b,)ix,0\ < c(C)'e-^-^'. 



3N, AT' G N V/ G R Va, /3, 7 G N" 3c> 3?7 G (0, 1] V(a;, e ?7 x T Ve G (0, r)] 

By means of (3.61) it is immediate to obtain that for all order of derivatives and for all Z G M 

\d^dS{ame{x,0\<c{0'e-''-''' 
on J7 X r when e is small enough, i.e., {xo,^o) ^ /Usuppgoo(att6). □ 

Theorem 3.8. Let a{x, D) be a properly supported pseudodifferential operator with generalized symbol 
and T be a basic functional in C{Qc{^),C). 

(i) Ifae S2i~°°{^ X R") then 

(3.66) ^Sf¥g{a{x,D)T) C WFc;(T) n /xe(a). 

(ii) Ifae Sji'^i^ X R") then 

(3.67) WP goo {a{x,D)T) C WPgoo{T) n iJLgoo{a). 

As for Proposition 3.5 the proof is an elaboration of the proof of Theorem 3.6 in [15]. 
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Proof, (i) Wc prove the first assertion in two steps. 
Step 1: WFg{a{x,D)T) C /zg(a). 

If {xo,^o) Mc;(a) then (3.58) holds on some !7 x F, and by Lemma 3.4 in [15] we find q G S'"(il x 

R") C s/g (n X M"), which is micro-elliptic at (a;o,^o) with /xsupp((7) = iJ,g{q) C U xT. Applying 
Proposition 3.7 we obtain that q{x, D)a{x, D) is a properly supported pseudodifferential operator with 
symbol gfta e x K") and /xg;(gjia) C pig{q) n ^ig{a) C ([7 x T) n iig{a) = 0. This shows that 

gjja e 5~°°(ri X R") and that q{x, D)a{x, D) has kernel in ^(fi x fi). By Proposition 2.7(m) we have that 

qix,D)a{x,D)T e Hence, (xo,eo) ^ WF0(a(a;, L')T). 

S'tep 2: WFg{a{x, D)T) C WFg(T). 

Let (a;o,^o) ^ WFg(T). By definition of Q-wscve front set there exists p{x,D) e pr^sc °°(^) such that 
p is slow scale micro-elliptic at (xq, Co) and p(a;, I?)T € Q{^). As shown in the proof of [15, Theorem 3.6] 
there exist: 

J 0/ — oo 

- r{x,D) e pr^sc (^) whose symbol r is classical, micro-elliptic at {xo,^o) and with /isupp(r) 
contained in a conic neighborhood U' x F' of {xo,^o); 

- p{x,D)*p{x,D) = a{x,D) e p,*°/"°°(0); 

J 0/ — oo ^ 

- h{x, D) e pi-M^sc (^) whose symbol h is slow scale elliptic and iig^{h — a)C\ ([/' x F') = 0; 

- t{x,D) G pr^rg °°(fi) parametrix of 6(a;, £>). 

As a consequence s{x,D) := r{x, D)a{x, D)t{x, D) is a properly supported pseudodifferential operator 
with symbol in 5^/"°°(f2 x M"). We write the difference r{x, D)a{x, D)T - s{x, D)p{x, D)*p{x, D)T as 

(3.68) r{x,D)a{x,D){T -t{x,D)b{x,D)T) +r{x,D)a{x,D)t{x,D){b{x,D) -a{x,D))T. 

Since I-t{x, D)b{x, D) has kernel in {n x fl) then by Proposition 2.7(m), T-t{x, D)b{x, D)T e g°° (17) 
and by the mapping properties of r{x,D) and a{x,D) the first summand in (3.68) belongs to ^(f2). 
An iterated application of Proposition 3.7 stated for symbols of refined order proves that the second 
summand can be written as the action on T of a properly supported pseudodifferential operator d{x, D) 
with generalized symbol of refined order to having ^-microsupport contained in the region /i supp(r) n 
IJig{b - ct) C /xsupp(r) n ^goo (6 - cj) C ?7' X F' H jig^ (b-a) = 0. This means that d G S-°°{n x M") and 
by Proposition 2.3(i) and Proposition 2.7(m) we conclude that d{x,D)T e g{fl). Therefore, (3.68) gives 
a generalized function in 0(0,). 

Let us now consider r{x, D). Recalling that p{x, D)T G G{^) and that the operators p{x, D)* and s{x, D) 
map Q{VL) into itself, the considerations above imply that r{x, D)a{x, D)T G G{^)- Thus, {xo,io) ^ 
WFg{a{x,D)T) since r is micro-elliptic at {xo,^o)- 

{a) When a G S^s7g°i^ ^ '^") then a{x,D) maps ^°°(n) into itself. Since the same mapping property 
holds for r{x,D) it follows that the first summand in (3.68) belongs to Q°°{n). By iterated application 
of Proposition 3.7 the second summand d{x, D)T has symbol d with ^°°-microsupport contained in 
/(isupp(r)n^goo {b—a) =0, that is d G iS~°°(r^ xR") and the kernel of the corresponding pseudodifferential 
operator is an clement of Q°°{Vl x SI). Proposition 2.7{iii) yields d{x, D)T G Q°°{Vt) and then (3.68) gives 
a generalized function in Q°°(p). Recalling that by definition of 5°°-wave front set p(x,D)T G Q°°{^1) 
and that p{x,D)* and s{x,D) map Q°°{9) into itself, we obtain that r{x,D){a{x,D)T) G G°°{Q) which 
implies that (a;o, ^o) ^ WFgoo {a{x, D)T). □ 

Note that if a G Sp^gi^ x R") and k is the quotient map from Ms"^^{nxR") onto S^^ °°{Q x R") then 

(3.69) /isuppg(a)= Pi tJg{K{{as)E)). 
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Indeed, for every representative {a^}^ of the symbol a we have that /Ltsuppg(a) C ng[K,[[as)s)) and if 
(xo,Co) ^ Msuppg(a) then (xo,$o) ^ A*e('*(('ie)e)) for some (a^)^ e a. In the same way 

(3.70) ijsuppg^{a)= Pi lig-^{K{{ae)e))- 
We are ready now to prove the following corollary of Theorem 3.8. 

Corollary 3.9. For any properly supported pseudodifferential operator a{x, D) with symbol a G <5™^(f2 x 
M") and for any T basic functional in C{Qc{^),'C), 

(3.71) ^Sf¥g{a{x,D)T) C WFg(T) n /isuppg(a). 
Similarly, if a e S^s,Tgi^ x I^") then 

(3.72) WFgoo (a(a;, £>)T) C WF5oo(T) n /isuppgoo(a). 

Proof. For any representative (ae)^ of a the generalized symbol K{{ae)e) = {(ie)e +J\f^°^{^ x M") satisfies 
the hypotheses of Theorem 3.8 and the corresponding operator K{{as)s){x, D) coincides with a{x,D). 
Hence from Theorem 3.8(i) we have that 

fl WFg{K{{a,),){x,D)T) C WFg(T) n f| l^g{K{{a,%)). 

Clearly the properties of K((ae))(x, D) and equality (3.69) lead to 

WFg{a{x,D)T) C WFg{T) n /isuppg(a). 

The proof of (3.72) when a is a regular symbol is an analogous combination of Theorem 3.8 with (3.70). □ 

Remark 3.10. Note that the assumption of regularity of the symbol a is essential in order to get (3.72). 
Indeed, for (() e C^(M) let us consider 4'{x/e) = e~^(j){x/e), the generalized function [(0e)e] G ^(K) and 
the multiplication operator a{x^ D) iT ^ [(0g)g]T. The generalized symbol determined by [(</>£)£] is not 
regular since [{(l)s)s] G ^(M) \ 6?°°(IR). Taking now the basic fimctional T{u) = J^u{x)dx of £(^c(K),C) 
we have that WFg<^ (T) = while WFgoo {a{x, D)T) = WFgoo {[(4>e)e]) ^ 0- 

As in the classical theory [9] we introduce notions of microsupport for operators. In the case of generalized 
psuedodifferential operators, taking into account the non-injectivity when mapping sjonbols to operators 
(cf. [14]), we distinguish the corresponding notions for symbols and operators. 

Definition 3.11. Let A he a properly supported pseudodifferential operator with generalized symbol in 
S^si^ X M"). We define the 5-microsupport of A as 

IIsuppg{A) := Pi ^suppg.(a). 

Let A be a properly supported pseudodifferential operator with generalized symbol in S^s,Tei^ ^ W^). We 
define the ^°°-microsupport of A as 

suppgoo (A) := Pi /xsuppgoo(a). 

a{x,D)=A 

Corollary 3.9 can therefore be stated in the following way: for any properly supported pseudodifferential 
operator A with generalized symbol and for any basic functional T e C{Qc{^),C), 

WFg{AT) C WFg(T) n fJ,suppg{A). 

If A has regular generalized symbol then 

WFgoo {AT) C WFg!oo(T) n //suppgoo(A). 
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Corollary 3.12. Let A he a properly supported pseudodifferential operator with generalized hypoelliptic 
symbol. Then for any basic functional T G jC{Qc{il),C), 

WF g{AT) = WFg(T) 

and 

WFgoo(Ar) = WFc;oo(r). 

Proof. Since A = a{x, D) where a e 5^ ,5 ,g(0x]R"), Corollary 3.9 iraplies that WFg(^r) C WFg(T) and 

WYgoo{AT) C WFgoc(r). Let p{x,D) be a parametrix for A. The symbol p belongs to 5p.l,i.g(^ x 1^") 
and from (2.49) we have that p{x, D)AT — T-{- RT, where R is an operator with kernel in Q°°{^1 x fi). 
Proposition 2.7{iii) implies that RT £ Q°°{il). Finally an application of Corollary 3.9 to p{x,D) yields 
WFg(T) = WFg{p{x, D)AT) C WFg(^r) and WFgo. (T) = WFgoo {p{x, D)AT) C WFgoc {AT). □ 

Note that combining Corollary 3.12 with Proposition 3.5 we obtain the equalities between singular sup- 
ports claimed by Theorem 2.12. Moreover, the statements of the above theorem and corollaries are valid 
for operators not necessarily properly supported when we consider basic functionals in C{Q{^T}, C). 

Before proving the Fourier transform-characterization of the wave front sets W¥g{T) and WFgcxj(T) 
when T is a basic functional in £(^c(fi),C) we observe that if e C'^{Q) then (/)T is a basic functional 

in £(^(R"),C) and by Proposition 1.20 its Fourier transform T{(f)T) belongs to C/^(R"). In the sequel 
the regularity of a tempered generalized function is measured on a conic region F C M" \ by means of 

Qj. o(r) := {u e g^(M") : 3{u,)^repr. of w V/ e M 3Af G N sup(^>Ve(OI = 0(£-^) as e ^ 0}, 
and 

g^oiF) := {u e Gri^"-) ■■ 3{ue)erepr. of w 3iV G N G M sup(OVe(OI = ^(e-^) as e 0}. 

Note that if {Ug)^ and {u'^)e are two different representatives of u fulfilling the condition which defines 
Qy,oi^) (or Q^fl{F)) then their difference has the property supjgr(0'l(we - O(0l = 0{e'') for alH G M 
and all g G N. 

Theorem 3.13. Let T be a basic functional in £(^?c(f^), C). 

(i) (.To,^o) ^ WFgT if and only if there exists a conic neighborhood F of and a cut-off function 
4> G C'^{^l) with 4>{xo) = 1 such that 

H'kT) G Q.^fi{F). 

(a) (a;o,6)) ^ WFgooT if and only if there exists a conic neighborhood F of and a cut-off function 
(j) G C^(f2) with 4'{xo) = 1 such that 

H4>T) G g^o(r). 

Proof, (i) We first prove that if (a;0) ^o) is a point in T*(0) \ such that J^{(I>T) G ^j^,o(r) for some conic 
neighborhood F of and some cut-off function (f> with (f>{xo) = 1, then (.to,^o) ^ WFg(r). As noted 
in [15, Remark 3.5] there exists p(^) G S°{Q x M") with supp(p) C F, which is identically 1 in a conical 
neighborhood F' of when |^| > 1. Taking a proper cut-off X) we can write the properly supported 

pseudodifferential operator with amplitude x{^}y)p{04'iy) in the form a{x,D) G pr^si °°(f^)) where 
(T{x,^)-p{^)(j){x) e S-^nxR""); in particular for any S* G C{gci^),C), a{x, D)S -p{D){(t>S) can be seen 
as the action of a pseudodifferential operator with kernel in C°°{Q x Q) on the functional (j)S G C{g{Q), C). 
Hence, if S is basic, 

(3.73) a{x,D)S -p{D){<l)S) eg°°{n). 



32 



By assumption the symbol a is micro-elliptic at {xo,^o) and by definition of Fourier transform on 
£(^(IR"), C) we have that for all u e Gd^''), 

p{D){4>T){u) = 4>T{ *p{D){u)) = 4>t{:f{p:f*u)) = n<t>T){pT*u) = 

^'y^J^{cl,Tmp{Od^u{y)dy, 



e ■ 



where p!F*u G ^(R") and from the hypothesis on J-{4'T) it follows that the integral 

(3.74) / e'y^nmmo^^ 

JR" 

defines a generalized function in Q(yt). As a consequence p{D){(j)T) € Q(yi) and by (3.73) we conclude 
that a{x,D)T e g{0). Therefore, (a;o,Co) t WFg{T). 

Conversely, suppose (a;o,^o) ^ WFg(T). There is an open neighborhood U of xq such that (a;,^o) S 
WFg{Tf for all xgU. Choose (f) e C~([/) with ^(a;o) = 1 and define 

:= e \ : 3a; G O {x, G WF0(^T)}. 

By Corollary 3.9 we have that WFc;((/)T) C WFg{T) D (supp((/)) x M" \ 0) and therefore ^o^'^g- Arguing 

as in the proof of Theorem 3.10 in [15] we find p(^) G S"{n x M") such that < p < 1, p{^) = 1 in a 
conic neighborhood F of when |^| > 1 and p{£,) = in a conic neighborhood Sq of Sg. By construction 
Aisupp(p)n(nxSo) = and WFg;(?!>r) C OxSg. Therefore, WYg{p{D)(j)T) C WF0(^T)n/isupp(p) = 
and by Proposition 3.5, p{D){(j)T) G 5(f2). Note that the pseudodifferential operator p{D) maps Q^{W^) 

into itself and can be extended to the dual /:(g_,(R"), C). Since (j)T G C{g{n),C) C £(g(M"),C) C 

'C(^(R"),C), p{D){(j)T) can be also viewed as a basic functional in £(^(]R"),C) which restricted to 
^c(?^) is a generalized function of Q{Q). We now want to study the action of p{D){(j)T) on a generalized 
function u G ^(M"). First of all for 5 > we define 

Bs := {a; G R" : dist(a;, supp ^!>) < S}. 

Recalling that p is a Schwartz function outside the origin, i.e., sup|^|>;^ \x"d'^p{x)\ < oo for all A > and 
Q:, ;3 e N" ([9, Theorem (8.8a)]), from the properties of a net (T^)^ G £:'(0)(°'il defining T we have that 
there exist K ^ n, j gN and G N such that for alU G M and a G N", 

(3.75) sup_ \{xyd^{<l>T,*p){x)\ = sup_ \T,{y ^ {xYd^ - y)<f>{y))\ 

a;eR"\B5 xeR"\Bs 

<ce-^ sup_ sup |(x)'a^(a^p(x-y)0(2/))| <c'e-^. 
xeM^XSj yeK,\i3\<j 

when e is small enough. Since N depends only on (Te)^ we conclude that {(pT^ *p)e G £J?(R" \Bs). 
Take now (5 small enough such that B2S is a compact set contained in O and a covering (Oj)jgN of M" 
such that fio = -B25 and f2j C R" \ for all j > 1. Let {ipj)j be a partition of unity subordinated to 
the covering (supp</3j C flj) fulfilling the following condition: 

(3.76) Va G N" 3A« > Vj G N sup \d"(pj {x) \ < Aa2-^l«l 

(see [49, Theorem 6.1] for details). Making use of this technical tool we complete the proof of the 
first assertion of the theorem showing that the Fourier transform of p{D){(pT) G C{Q^{M."), C) belongs to 
^(R"). From (3.76) we have that if / G ^(R") then J2j fjf converges to / in ^(R"). As a consequence 
for all u G ^(R") we can write 



piD){<l>T){u)=p{D){<i>T){,pou) + 



00 p 

X] / i(pTe*p){x)<pj{x)udx)dx 
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Since suppiyJo C B2S Q B25 <e f2 the generalized function ip^u belongs to Qc{^) and by the properties 
of p{D){(pT) discussed above there exists v e Q{Cl) such that p{D){(j)T){ipQu) — J^v{x)(fou{x) dx. A 
combination of the estimate (3.75) with the fact that suppi^j C Clj C K" \ Bg for all j > 1 and the 
convergence property (3.76) allows to conclude that 

00 -.00 

y2 {<pTs*p){x)ipj{x)Ue{x)dx ^ I y2{4'Te * p){x)(pj{x)Ue{x) dx ^ / W2,e{x)Ue{x) dx, 

whore {w2.e)s G £J?(]R"). In other words there exists w € ^(ffi") of the form w = Wi + W2 with 
wi e ^?c(R") and W2 G ^^(M") such that 

(3.77) p{D){(j)T){u) = j w{x)u{x)dx 

for all u e ^(M"). At this point by applying the Fourier transform on both the members of (3.77) we 
arrive at 

/ :fw{Ou{o di = Hp{D)m){u) = </.T( 'p{D)j^u) = mnpy)) = / Tmimouio d^, 

where by Proposition 1.20 !F{(t>T) G t/^(R") and the generalized functions !Fw and pu arc elements of 
a^(R"). Therefore, J^{(t)T)p G Q^{W) and by construction of the symbol p it is clear that T{(t)T) G 

e^,o(r). 

{a) The sufficiency of the second assertion is proven as in the case of the first assertion by simply 
observing that when (a;o,^o) is a point in T*{Q) \ such that T((f>T) G Q^Q{r) then the integral in 
(3.74) defines a generalized fimction in Q°°{n). Analogously, when (xq, ^0) ^ WFgoc (T) then p{D){(f)T) G 
£(^(R"),C) acts on Qc{^) as a generalized function in Q°°{Q). It follows that for all u G ^^(M"), 
p{D){(j>T){u) = w{x)u{x) dx, where w = wi + W2 € e?~(M") since wi G g^{W) and W2 e ^^(IR"). 
Hence, .^(^T) G a^o(r)- □ 

As for the generalized wave front set of a Colombeau function (cf. [15, Theorem 3.12]), the ^-wave front 
set and the ^°°-wave front set of a basic functional in £(C/c(f^),C) can be defined by considering only 
classical pseudodifferential operators in (3.54) and (3.55). This is already partially proved in the proof 
of Theorem 3.13. In the sequel we set 

(3.78) Wci,a(r):= fl Char(A) 
and 

(3.79) Wci,eoo(T):= f| Char(A) 

ATGS~(n) 

where the intersections are taken over all the classical properly supported operators A G ^"(O) such that 
AT G g{n) in (3.78) and AT G g°°{Q) in (3.79). 

Proposition 3.14. For all basic junctionals T G C{Qc{^),'C), 

W,i,g{T)=WFg{T) 

and 

Wci,aoc(T) = WF5oo(T). 

Proof. The inclusions WFg{T) C WcLe(T) and WF0oo(T) C Wci,e~(r) are obvious. Let now {xo,io) 
be a point in the complement of WFg{T). As in the proof of Theorem 3.13 one can find a properly 
supported operator P G 5'°(f7) such that PT G g{fl) and (.to,^o) ^ CharP. Hence, {xo,^o) ^ Wci,a(T). 
In the same way if {xo,^o) k WFgoo(r) then PT G a°^(^i) and (x'o,Co) ^ Wci,goo(r). ' □ 
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Remark 3.15. Lot l be the embedding of P'(r2) into Q{^). We denote the composition of i with 
the embedding of Gi^) into the dual £(0c(^^),C) by l' and the straightforward embedding «; ^ (u — > 
[(^(ue))^]) of X>'(0) into C{Qc{^), C) by Ld,. Note that by [12, Proposition 3.10] for any classical properly 
supported pseudodifferential operator A and for any distribution w the relation A{Ld{w)) = Ld{Aw) G 
G°°{^) implies Aw G C°°(ri). Hence a combination of this fact with the previous proposition and Remark 
3.4(Mi) yields 

WFeoo(td(u;)) = Wci,goo(irfH) = WFH = WFgoo(t(w)) = WFeo.(i'(u;)). 

4 Noncharacteristic Q and ^^-regularity 

The classical result on noncharacteristic regularity for distributional solutions of arbitrary pseudodiffer- 
ential equations (with smooth symbols) had been extended to generalized pseudodifferential operators 
with slow scale generalized symbols and Colombeau solutions in [15, Theorem 4.1]. We conclude the 
paper by providing a suitable adaptation and extension of this result to the context of basic functional 

in c{g^{n),c)- 

— 7n 

Theorem 4.1. IfP = p{x, D) is a properly supported pseudodifferential operator with symbol p € S^^{Qx 
M") and T is a basic functional in C{gc{^),C) then 

(4.80) WFg{PT) C WF5(T) C WFg{PT) U El\^^{py 
and 

(4.81) WFg=c(Pr) C WFgoo(r) C WFgoc (PT) U Ell,c(p)^ 

Proof. From Corollary 3.9 the first inclusions in (4.80) and (4.81) arc clear. Assume now that {xq,£^o) ^ 
WFg(PT) and that p is slow scale micro-elliptic there. By definition of G-wave front set we find a{x, D) e 
pj^'gj,(n) such that a{x,D){p{x,D)T) e ^(fi). By the (slow scale) symbol calculus and Remark 3.2(ii) 
we obtain that a{x, D)p{x, D) has a slow scale symbol micro-elliptic at (a;o,^o)- Therefore, (a;o,^o) ^ 
WFe(T). Analogously, WFgoo (PT)'= n Ell^^ip) C WFe=o(r)^ □ 

Acknowledgement: The author is grateful to Prof. Michael Obcrguggcnberger for several inspiring 
discussions on the subject. 
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